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Abstract

Obtaining effi cient allocations in intertemporal trade requires traders
to coordinate their expectations of future prices on perfect foresight equi-
libria. This paper studies coordination of expectations of future prices in
intertemporal trade and proposes a new solution concept, rationalizable
expectations equilibria. The conditions under which rationalizable expec-
tations equilibrium outcomes coincide with perfect foresight equilibria are
characterized. When rationalizable expectations equilibria differ from those
of perfect foresight equilibria, intertemporal trade is ineffi cient. Alternative
institutional arrangements such as contracting over prices, retrading in spot
markets could Pareto improve on competitive asset markets. Furthermore,
there could be a role for policy interventions that successfully anchor future
expectations to their perfect foresight values.
JEL classification numbers: D50, C70.
Key words: coordination, expectations, rationalizable, foresight, tempo-

rary, equilibrium, effi ciency.

∗e-mail: Sayantan.Ghosal@glasgow.ac.uk



1. Introduction

A key justification for the use of rational expectations equilibrium as a solution
concept in dynamic economic models is the claim that it models expectations
formation in a way that is consistent with ideas of rationality used elsewhere in
economics: agents use all available information to form expectations about all
economically relevant variables. In the absence of exogenous uncertainty, if the
economic fundamentals are common knowledge, this view suggests that agents
should be able to predict the equilibrium outcomes such as future prices as well.
A diametrically opposite view is implied by the use of temporary equilibria (see, for
example, Grandmont (1977)) where expectations over future prices (described by
a map from current spot prices to a distribution over future prices) are exogeneous,
part of the data of the economy.
In this paper, we study a two period exchange economy with sequential trading

in spot markets. We assume that economic fundamnetals are common knowledge
but individual expectations of second period prices aren’t. We develop a solution
concept for such economies, Rationalizable Expectations Equilibrium (hereafter,
REE), that allows agents to revise their second period price expectations using
all the available information at hand but does not require agents to be able to
coordinate on the equilibrium values of future prices. Specifically, when a REE
reduces to a PFE, individuals are able to coordinate their expectations over future
prices.
Formally, in the model, there is a continuum of agents and agents trade sequen-

tially in spot markets. In each period, spot markets open in which commodities
are traded; in addition, in the initial period an asset market opens.
Note that the demands submitted by individuals in all spot markets will de-

pend on their expectations of second period prices. Therefore, market clearing
prices in both first and second period markets will, in turn, depend on the entire
assignment of expectations of second period prices. It follows that when agents’
expectations over second priod prices aren’t common knowledge, it is no longer
possible for any one agent to ignore the expectations of other agents. Agents
need to coordinate on the PFE using all relevant features of the economy that are
common knowledge.
For ease of exposition, througout the paper, it is assumed that the following

features of the economy are common knowledge: (i) the distribution of funda-
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mentals of the economy (preferences and endowments), (ii) individual rationality,
(iii) price-taking behavior, (iv) that all individuals submit demand functions in
all spot markets and (v) spot markets clear in both periods.
Given any assignment of expectations of second period prices in some initial

set of such prices, each individual can compute the first period commodity and
asset demand and therefore the vector of first period commodity and asset prices
through market clearing. This, in turn, allows each individual to calculate second
period commodity demand and through market clearing, a second period com-
modity price. Therefore, we can define a map that goes from an assignment of
expectations over second period prices to a market clearing second period price.
Now this process of reasoning is applied to each assignment of expectations over
second period prices and, in turn, generates a new set of second prices that is by
assumption contained in the initial set of second period prices. When the two sets
coincide, we obtain the set of rationalizable price expectations. A REE consists
of a configuration of first period prices and a second price such that (i) for some
assignment of expectations over the set of rationalizable price expectations, the
first period prices clear current spot market, and (ii) the second price is itself a
rationalizable price expectation.
Evidently, the second period component of a PFE is a rationalizable price

expectation; hence, as along as it is contained in the initial set of second period
prices over which individual price expectations are defined, it will be a REE as
well. In such a case, when the set of rationalizable price expectations is a singleton,
then there is no other REE and agents are able to coordinate their expectations
to the PFE.
When preferences are additively separable in consumption across the two time

periods, a change in the asset holdings in period 1 amounts to a redistribution of
revenue in period 2 spot markets. When preferences over consumption in period
2 spot markets are identical and homothetic, a redistribution of revenue will have
no impact on period 2 spot prices. Therefore, as long the PFE second period price
belongs to initial set of second period prices over which expectations are defined,
it is the only price vector consistent with market clearing in period 2 irrespective
of what second price expectations individuals started out with: it is the unique
rationalizable price expectation. In such a case, REE reduces to a PFE. Note
that if the initial restriction on the set of prices contains more than one PFE with
distinct second period prices, then both PFE are REE: so a necessary condition
for a PFE to be the unique rationalizable price expectation, is that the initial set
of second period prices contains no other PFE with distinct second period price.
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Next, a "local" extension of the above global suffi cient condition is provided.
It is shown that whether or not a REE reduces to a PFE depends on (a) the sensi-
tivity of second period spot commodity prices to a redistribution of revenue in the
same period and a redistribution in period 1 endowments and (b) the sensitivity
of period 1 consumption and asset demands to small changes in expectations of
second period prices. We show that when these conditions fail, there is an non-null
invariant set of prices, containing the PFE second period price, with REE which
differ from PFE. Moreover, all the conditions dicussed above are independent of
the choice of the second period numeraire. We, then, construct an explicit ex-
ample with rationalizable expectations equilibria that differ from perfect foresight
equilibria.
The notion of a REE is a deterministic version of the notion of a p-consensus

outcome defined and characterized in Desgnanges and Ghosal (2017). Moreover,
by construction, the coordination problem studied here differs from the static
(one-period) coordination problem studied elsewhere (Guesnerie (1992), Evans
and Guesnerie (1993), Guesnerie (1993), Guesnerie (2002), Chatterji and Ghosal
(2004)). The local analysis conducted here is a generalization of Ghosal (2006)’s
local stability analysis of PFE with additively separable preferences across time
periods; by proposing and studying the properties of a new solution concept for
intertemporal economies, this paper has a different focus. In these papers, the is-
sue is whether individuals are able to correctly predict current period equilibrium
prices. Here, as individuals submit demand functions in all spot markets, coor-
dinating on current spot market prices is never a problem. Instead the problem
studied here is the ability of individuals to predict future prices correctly when
they trade in current spot markets.
The rest of the paper is organized as follows. Section 2, contains a description

of an economy with sequential trading in spot markets. The next section is devoted
to the definition of a REE. Section 4 is provides a local analysis of the conditions
under which a REE reduces to a PFE. Section 5 constructs an example of an
economy with REE allocation that differ from the unique PFE. The last section
concludes.

2. The economy

The economy consists of an atomless measure space of individuals, {I, ι, µ}, with
I = [0, 1] the set of agents, ι the σ-algebra on I and µ an atomless measure
defined on I. Null sets of individuals are systematically ignored throughout the
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paper. For some arbitrary finite K−dimensional Euclidian space, an assignment
is any function g : I → <K each coordinate of which is integrable1. Trade in
this economy is sequential and takes place at two time periods, t = 1, 2, with Lt,
t = 1, 2, commodities traded in the spot commodity markets in period t2. Further,
there is an asset market that opens in the first period.
A commodity bundle is x ∈ <L1+ × <L2+ with xtl denoting quantities of con-

sumption of commodity l in period t. There is a fixed initial assignment of com-
modities, w : I → <L1+ ×<L2+ , the endowments of individuals with w = (w1,w2),
and w̄t= ∫ wi

tdi � 0 for t = 1, 2, where the range of the integral, the set I, has
been suppressed for convenience. Preferences of trader i are described by a utility
function ui : <L1+ × <L2+ → < such that two assumptions are satisfied: (A1) For
each traders i ∈ I, ui satisfies strict monotonicity, strict concavity, is twice con-
tinuously differentiable on <L1+ ×<L2+ ; (A2) u : I ×<L1+ ×<L2+ → < is measurable
and uniformly smooth. The requirement of uniform smoothness in (A2) follows
Aumann [2, sections 4 and 10] except that we do not require the utility functions
of any trader to be bounded. A consequence of (A2) is that u : I×<L1+ ×<L2+ → <
viewed as a map from (i, x1, x2) to real numbers is measurable as a function of
(i, x1, x2). The asset traded in the first period pays off in units of the first com-
modity traded in the second period and further, it is in zero net supply. An
allocation is a triple (x1,y,x2) such that xit ∈ <Lt+ , t = 1, 2, for all i ∈ I and
yi∈<. An allocation is feasible if, in addition,

∫
xitdi = x̄t= w̄t =

∫
wi
tdi, t = 1, 2

and ȳ =
∫

yidi = 0. An economy is E ={I, ι, µ, (ui, wi) : i ∈ I}.
Prices are (p1, q, p2) where ptl is the spot commodity market price of commodity

l in period t and q is the price of the asset. As the utility function of each individual
is strongly monotone, without loss of generality it is possible to restrict attention
to prices where pt ∈ <Lt++, t = 1, 2 and q ∈ <++.
Next, we specify the sequence of trading in spot markets in this economy. In

time period t = 1, each individual submits commodity demands in the spot com-
modity markets and asset demands in the asset market. Prices in these markets
then adjust to ensure market clearing. In time period t = 2, each individual sub-
mits commodity demands in the spot commodity markets. Prices in these markets

1Throughout the paper, the bold face type will be used to denote an assignment, with the
ith component of the assignment g denoted by gi and the kth coordinate of the assignment g
denoted by gk.

2Note that when L2 = 1, with only one commodity at t = 2, the coordination problem
in second period spot markets studied here disappears. With the exception of example 4.2,
throughout the paper, it is asumed that L2 ≥ 2.
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then adjust to ensure market clearing.
With this sequence of trading in spot markets, at prices (p1, q, p2) the maxi-

mization problem that each individual solves has two stages. In the second stage,
at t = 2, given (p1, q, p2, x1, y) each individual solves:

Max{x2} u
i
2(x1, x2) s.t. p2x2 ≤ p2w

i
2 + y, x2 ∈ <L2+ (B1)

For any solution x̂i2 to this maximization problem, let v
i(x1, p2, p2w

i
2 + y) =

ui(x1, x̂
i
2 (x1, p2, p2w

i
2 + y)). In the first stage, at t = 1, given (p1, q, p2) each

individual solves the following maximization problem:

Max{x1,y} v
i(x1, p2, p2w

i
2 + y) s.t. p1x1 + qy ≤ p1w

i
1, x1 ∈ <L1+ (B2)

Let (x̂i1, ŷ
i) denote a solution to this sequential, two-stage maximization prob-

lem. Let Ŝi(p1, q, p2) denote the set of all possible solutions (x̂i1, ŷ
i, x̂i2) at prices

(p1, q, p2).

Definition 2.1. A PFE is a vector of prices (p̂1, q̂, p̂2) and allocations (x̂1, ŷ, x̂2)
such that (a) at prices (p̂1, q̂, p̂2), (x̂i1, ŷ

i, x̂i2) ∈ Ŝi(p̂1, q̂, p̂2), for all i ∈ I, (b)
x̂t ∈ <Lt++, t = 1, 2, and (c)

∫
x̂itdi= w̄t, t = 1, 2 and

∫
ŷidi = 0.

The corresponding market clearing equations are∫
x̂i1(p̂1, q̂, p̂2)di = w̄1∫
ŷi(p̂1, q̂, p̂2)di = 0∫

x̂i2(x̂i1(p̂1, q̂, p̂2), p2, ŷ
i(p1, q, p2)) = w̄2

3. Rationalizable Expectations Equilibria

Our starting point is the assumption that individuals have expectations over fu-
ture prices whose support is some set P 0

2 ⊂ <L2−1
++ . Let f : I → P 0

2 , be an
assignment of expectations where f i, the i − th component of f , is individual i’s
(heterogeneous) point expectation f i = pe,i2 that aren’t common knowledge. In the
second stage, at t = 2, given a specific pe,i2 for each i, utility maximization yields
a spot demand function x̂i2

(
x1, p

e,i
2 , p

e,i
2 wi

2 + y
)
with corresponding indirect utility
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vi(x1, p
e,i
2 , p

e,i
2 wi

2 + y) = ui(x1, x̂
i
2

(
x1, p

e,i
2 , p

e,i
2 wi

2 + y
)
). In the first stage, at t = 1,

given (p1, q, f
i) each individual solves the following maximization problem:

Max{x1,y} v
i(x1, p

e,i
2 , p

e,i
2 wi

2 + y) s.t. p1x1 + qy ≤ p1w
i
1, x1 ∈ <L1+ (B2)

With a slight abuse of notation, let (x̂i1(p′1, q
′, f i), ŷi(p′1, q

′, f i)) denote a solution
to this sequential, two-stage maximization problem.
For a fixed f : I → P 0

2 , (p′1, q
′) is a period 1 equilibrium if and only if∫

x̂i1(p′1, q
′, f i)di =

∫
wi

1di and
∫

ŷi(p′1, q
′, f i)di = 0. Let Ê1 (f) denote the set

of such equilibria. For a pair (p1, q) first period prices, the second period price
p′2 is a period 2 equilibrium if and only if

∫
x̂i2(p′2, ŷ

i(p1, q, p
′
2)) =

∫
wi

2di. Let
Ê2 (p1, q)denote the set of such equilibria.
The set of rationalizable second period price expectations is defined as follows.

Fix P 0
2 ⊂ <L2−1

++ and define

P 1
2 =

{
p2 ∈ <L2−1

++ : ∃ f : I → ∆(P n−1
2 ), s.t. p2 ∈ Ê2 (p1, q) ,

for some (p1, q) ∈ Ê1 (f)

}
∩ P 0

2

Observe that P 1
2 ⊂ P 0

2 .

Definition 3.1. (Rationalizable second period price expectations) The set of ra-
tionalizable price expectations is P̃2 = P 1

2 = P 0
2 .

Definition 3.2. (REE) Given P 0
2 ⊂ <L2−1

++ , a rationalizable expectations equi-
libria is a triple (p̃1, q̃, p̃2) such that (p̃1, q̃) ∈ Ê1 (f) for some f : I → P̃2 and
p̃2 ∈ P̃2.

In what follows, we provide a suffi cient and necessary condition under which
a REE is a PFE. This suffi cient condition is quite restrictive though it is global
in nature. In the following section, we provide a local extension of this condition.
Assume that the preferences of trader i are described by a utility function

ui : <L1+ × <L2+ → < such that, in addition to (A1) and (A2), for each trader
i ∈ I, ui is additively separable across consumption in the two periods and is
twice continuously differentiable on <L1+ × <L2+ : label this assumption (A3). It
follows that the utility function of each individual can be written as ui(x1, x2) =
ui1(x1) + ui2(x2). We are now in a position to state the following proposition:
Proposition 1. (a) Consider a PFE vector of prices (p̂1, q̂, p̂2). Suppose ui2(x2)

is identical and homothetic for all i ∈ I. Then, whenever p̂2 ∈ P 0
2 , P̃2 = {p̂2} so

7



that a REE equilibrium allocation is a PFE allocation. (b) Consider two distinct
PFE vector of prices (p̂1, q̂, p̂2) and (p̂′1, q̂

′, p̂′2) such that p̂2, p̂
′
2 ∈ P 0

2 . Then, a
necesary condition for a PFE allocation to be the unique REE allocation is that
p̂2 = p̂′2.
Proof. (a) As market clearing in both periods is common knowledge

∫
ŷidi =

0, and therefore,
∫
dŷidi = 0. As ui2(x2) is identical and homothetic for all i ∈ I,

∂yx̂
i
2(p̂2, ŷ

i(p̂1, q̂, p̂2)) = ∂yx̂
j
2(p̂2, ŷ

j(p̂1, q̂, p̂2))

for all i, j ∈ I, and therefore,
∫
∂yx̂

i
2dŷ

idi = ∂yx̂
i
2

∫
dŷidi = 0 so that as long

as p̂2 ∈ P 0
2 , Ê2 (p1, q) = {p̂2} for all (p1, q) ∈ Ê1 (f), f : I → P 0

2 . Therefore,
P̃2 = {p̂2}.
(b) Consider two distinct PFE vector of prices (p̂1, q̂, p̂2) and (p̂′1, q̂

′, p̂′2) such
that p̂2, p̂

′
2 ∈ P 0

2 with p̂2 6= p̂′2. By assuming that the support for f i is exactly p̂2

for each i ∈ I, it follows that p̂2 ∈ P̃2. By assuming that the support for f i is
exactly p̂′2 for each i ∈ I, it follows that p̂′2 ∈ P̃2. So both p̂2, p̂

′
2 ∈ P̃2 and neither

either PFE can be the unique REE outcome.
A consequence of part (b) of the preceeding proposition is that P̃2 is non-empty

as long as it contains p̂2. A REE reduces to a PFE when all individuals are able
to continue eliminating prices till p̂2 is the only element in P̃2.
When preferences are additively separable in consumption across the two time

periods, a change in the asset holdings in period 1 amounts to a redistribution of
revenue in period 2 spot markets. When preferences over consumption in period
2 spot markets are identical and homothetic, a redistribution of revenue will have
no impact on period 2 spot prices. Therefore, as long the PFE second period price
p̂2 is in P 0

2 , it is the only price vector consistent with market clearing in period 2
irrespective of what second price expectations individuals started out with: it is
the unique rationalizable second price expectation.
In general when P̃2 6= {p̂2}, no individual can rule out the possibility that

other individuals in the economy have expectations on second period prices that
are different from the PFE price p̂2 as now P̃2 6= {p̂2}: individuals fail to coordinate
on the PFE.
We close this section with the following remark on effi ciency at a RE:
Remark 2 (Effi ciency at a REE): Clearly, as long as p̂2 ∈ P 0

2 , there is a
REE allocation that is Pareto optimal; moreover when p̂2 is the only element
in P̃2, any REE allocation is Pareto optimal. However, when P̃2 contains REE
that are distinct from PFE, there will be REE allocations that aren’t Pareto
optimal. Suppose preferences can be represented by a utility function that is
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additively separable in consumption across the two time periods. Consider the
triple (p̃1, q̃, p̃2) such that (p̃1, q̃) ∈ Ê1 (f) for some f : I → P̃2 and p̃2 ∈ P̃2 where
f i = {p̃2} for all i ∈ I. Then, clearly, the marginal rates of substitution will be
equalized across individuals in each spot market but not across spot markets.

4. Local Rationalizable Expectations Equilibria and PFE

Suppose there exists a PFE such that p̂2 ∈ P 0
2 . Then, p̂2 ∈ P̃2. In what follows, a

local characterization is provided for the conditions under which {p̂2} = P̃2.
To this end, normalise prices so that p11 = 1 and p21 = 1; asset payoffs are

therefore denoted in the second period numeraire.
Under assumptions (A1)−(A2), the demand functions of individuals x̂i1(p1, q, p2),

ŷi(p1, q, p2), x̂i2(x̂i1(p1, q, p2), p2, ŷ
i(p1, q, p2)), (p1, q, p2) ∈ <L1++ × <++ × <L2++ are

well-defined and continuously differentiable functions. Let x̄t =
∫

x̂itdi, t = 1, 2
denote mean commodity demand in period t and ȳ =

∫
ŷidi denote mean asset

demand. Let N(p̂1, q̂, p̂2, ε) ⊂ <L1++×<++×<L2++ be a neighborhood of an interior
PFE price vector. Then, for all (p1, q, p2) ∈ N(p̂1, q̂, p̂2, ε), the derivatives ∂pt′l′ x̄tl,
∂pt′l′ ȳ, ∂qx̄tl, ∂qȳ exist for all t, t

′ = 1, 2 and all l, l′ = 1, ..., L and are equal to
∂pt′l′ x̄tl =

∫
∂pt′l′ x̂

i
tldi, ∂pt′l′ ȳ =

∫
∂pt′l′ ŷ

idi, ∂qx̄tl =
∫
∂qx̂

i
tldi, ∂qȳ =

∫
∂qŷ

idi.
This follows from the fact that ∂pt′l′ x̂

i
tl, ∂pt′l′ ŷ

i, ∂qx̂itl, ∂qŷ
i, for all l, l′ = 1, ..., Lt,

t, t′ = 1, 2, , i ∈ I are integrally bounded (see, for instance, page 154, Jones
(1993)).
After deleting the numeraire commodity in each period, consider the Jacobian

of the market clearing equations J =

(
J11 J12

J21 J22

)
where J11 =

(
∂p1x̄1 ∂qx̄1

∂p1ȳ ∂qȳ

)
,

J12 =

(
∂p2x̄1

∂p2ȳ

)
, J21 =

(
∂p1x̄2 ∂qx̄2

)
, J22 = (∂p2x̄2) evaluated at the market

clearing prices (p̂1, q̂, p̂2) ∈ <L1−1
++ ×<++×<L2−1

++ , where the numeraire commodity
in each period has been deleted as well. For any assignment x1,y such that∫

xi1di = w̄1,
∫

yidi = 0, let ∂p2x̄2(x1,y) =
∫
∂p2x̂

i
2(xi1, p2,y

i).

Definition 4.1. (Regularity, Strong Regularity and Sequential regularity) An in-
terior PFE is regular (respectively, strongly regular) if J is invertible (respectively,
J11and J22 are invertible). It is sequentially regular if, in addition to being regular
and strongly regular, (∂p2x̄2(x1,y))−1 exists for all assignment of assets y such
that yi = ŷi(p′1, q

′, p′2) for all i ∈ I and some (p′1, q
′, p′2) ∈ N(p̂1, q̂, p̂2, ε). An econ-

omy is regular (respectively, strongly regular and sequentially regular) if all its
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interior PFE are regular (respectively, strongly regular and sequentially regular3).

In a regular economy, each PFE is locally isolated. In a strongly regular econ-
omy, in addition, it follows as a consequence of the implicit function theorem that
for a given (p̄1, q̄) ∈ N(p̂1, q̂, ε) ⊂ <L2−1

++ ×<, there is a locally unique second period
price p2 that solves

∫
x̂i2(x̂i1(p̄1, q̄, p̂2), p2, ŷ

i(p̄1, q̄, p2)) = w̄2; further, it is a con-
tinuous function of (p̄1, q̄) ∈ N(p̂1, q̂, ε). Moreover, in a sequentially regular econ-
omy, again as a consequence of the implicit function theorem, for all (p′1, q

′, p′2) ∈
N(p̂1, q̂, p̂2, ε) with

∫
x̂i1(p′1, q

′, p′2)di = w̄1 and
∫

ŷi(p′1, q
′, p′2)di = 0, there exists a

unique second period price p2 that solves
∫

x̂i2(x̂i1(p′1, q
′, p′2), p2, ŷ

i(p′1, q
′, p′2)) = w̄2;

further, it is a continuous function of (p′1, q
′, p′2) ∈ N(p̂1, q̂, p̂2, ε).

Fix a sequentially regular PFE. Suppose P 0
2 ⊂ N(p̂2, ε), P

0
2 6= {p̂2} with

N(p̂2, ε) ⊂ <L2−1
++ a neighborhood around p̂2, the second period component of

a PFE vector of prices (p̂1, q̂, p̂2). As the economy is sequentially regular it is
possible to provide a local characterization of the map from each assignment of
expectations f : I → P 0

2 to a market clearing price in the second period p2 in the
vicinity of a PFE.
Proposition 2: There exists a neighborhood N(p̂2, ε) of p̂2 and matrices

M i for each i ∈ I such that for each assignment of expectations f : I → P 0
2 ,

P 0
2 ⊂ N(p̂2, ε), dp2 =

∫
Midf idi where dp2 = (p2 − p̂2) and df i = (f i − p̂2).

Moreover P̃2 = {p2 ∈ N(p̂2, ε) : dp2 =
∫

Midf idi, for some f : I → P̃2}.
Proof. As the economy is sequentially regular, using the implicit function the-

orem, we obtain the existence of a neighborhood N(p̂2, ε) of p̂2 such that evaluated
at the PFE (p̂1, q̂, p̂2),

dp2 = −
(∫

∂p2x̂
i
2(x̂1, ŷ)di

)−1 ∫
[∂yx̂

i
2dŷ

i + ∂x1x̂
i
2dx̂

i
1]di

where dŷi = ∂p1ŷ
idp1 + ∂qŷ

idq+ ∂p2ŷ
idf i and dx̂i1 = ∂p1x̂

i
1dp1 + ∂qx̂

i
1dq+ ∂p2x̂

i
1df

i

for all i ∈ I and dp1 = (p1 − p̂1), dq = (q − q̂) and df i = (f i − p̂2). As

the PFE is sequentially regular, J−1
11 =

(
z1 z2

z3 z4

)
exists. From the market

clearing conditions in the spot markets at t = 1, by computation, it is checked
that dp1 = −z1(

∫
∂p2x̂

i
1df

idi) − z2(
∫
∂p2ŷ

idf idi) while dq = −z3(
∫
∂p2x̂

i
1df

idi) −
3Sequential regularity has also been used by Balasko (1994), M. Mandler (1995), Kajii (1998)

and Ghosal (2006).
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z4(
∫
∂p2ŷ

idf idi). It follows that setting

Mi =

(∫
∂p2x̂

i
2di

)−1
 (
∫

(∂yx
i
2∂p1ŷ

i + ∂x1x̂
i
2∂p1x̂

i
1) di)(z1∂p2x̂

i
1 + z2∂p2ŷ

i)
+(
∫

(∂yx
i
2∂qŷ

i + ∂x1x̂
i
2∂qx̂

i
1)di)(z3∂p2x̂

i
1 + z4∂p2ŷ

i)
−(∂yx

i
2∂p2ŷ

i + ∂x1x̂
i
2∂p2x̂

i
1)


for each i ∈ I yields the desired conclusion.
To interpret the condition under which rationalizable expectations equilibrium

coincides with perfect foresight equilibrium, it is useful to consider the special case
with homogeneous expectations. In this case, the condition in part (ii) of Propo-
sition 1 reduces to the condition that

∥∥M̄(pe − p̂2)
∥∥ < ε̄ whenever ‖pe − p̂2‖ = ε̄

which is equivalent to requiring that
∥∥M̄∥∥ < 1. This is nothing but the require-

ment that the map that goes from expectations of second period prices to a market
clearing second period price is locally a contraction map.
Let ‖.‖ be a monotone vector norm4 on <L2−1. Let S(ε) = {z ∈ <L2−1

++ :
‖z − p̂2‖ = ε, ε > 0}. Let B(ε̄) = {x ∈ <L2−1

++ : ‖x− p̂2‖ < ε̄}.
Proposition 3: (i) Suppose there exists ε̄ > 0 such that

∥∥∫ Midvidi
∥∥ < ε̄, for

all assignment of expectations v : I → S(ε̄). Then, P̃2 = {p̂2}. Moreover, the
condition that

∥∥∫ Midvidi
∥∥ < ε̄ is invariant to the choice of the second period

numeraire. (ii) Suppose there exists ε̄ > 0 such that
∥∥∫ Midvidi

∥∥ > ε, for all
assignment of expectations v : I → S(ε), for each ε ≤ ε̄. Then, P̃2 6= {p̂2}.
Proof. (i) Let B(ε̄) = {x ∈ <L2−1

++ : ‖x− p̂2‖ < ε̄}. By choosing N(p̂2, ε) ⊆
B(ε̄) so that P 0

2 ⊂ B(ε̄), the first-order approximation used in part (i) applies to
all assignments of expectations f : I → P 0

2 . It follows that

P n
2 = {p2 ∈ N(p̂2, ε) : dp2 =

∫
Midf idi, for some f : I → P n−1

2 } ∩ P n−1
2

for n = 1, 2, 3, .... Let ṽ : I → P 0
2 be an assignment. For each i ∈ I, define v′i ∈

S(ε̄) by sign v′il = sign ṽil . Suppose there exists ε̄ > 0 such that
∥∥∫ Midvidi

∥∥ <
ε̄, for all assignment of expectations v : I → S(ε̄). Observe that the map v′ : I →
S(ε̄) is an assignment. Further, as ‖.‖ is a monotone vector norm,

∥∥∫ Midṽidi
∥∥ ≤∥∥∫ Midv′idi

∥∥ < ε̄. Let γ(1) = supv:I→P 02
‖∫ Midvidi‖

ε̄
. Then, γ(1) < 1 and P 1

2 ∩

P 0
2 ⊆ B(γ(1)ε̄). For n = 1, 2, ... define γ(n) = supv:I→Pn−12

‖∫ Midvidi‖
ε̄

. Observe

4For any x ∈ <K , let |x| = (|x1| , ..., |xK |). It follows that |x| ≥ |y| if and only if |xl| ≥ |yl| for
all l = 1, ...,K. A vector norm, ‖.‖ on <K is monotone if and only if |x| ≥ |y| =⇒ ‖x‖ ≥ ‖y‖.
All lp norms, including the euclidean norm, are monotone. However, (see Horn and Johnson
(1985)) the following vector norm on <K , ‖.‖ = |x1 − x2|+

∑
l′ 6=1 |xl′ |, is not monotone.
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that P n
2 ∩ P n−1

2 ⊆ B(γ(n)ε̄). Further, as ‖.‖ is a monotone vector norm, 1 >
γ(n − 1) > γ(n). It follows that ∩n≥0P

n
2 ⊆ ∩n≥0B(γ(n)ε̄) ⊆ B(γ(0)nε̄) = {p̂2}.

As {p̂2} ⊆ P̃2, it follows that P̃2 = {p̂2}. Next, suppose there exists ε̄ > 0
such that

∥∥∫ Midvidi
∥∥ > ε, for all assignment of expectations v : I → S(ε)

where ε ≤ ε̄. Then, γ(1) > 1 and P n
2 ∩ P n−1

2 ⊇ B(γ(1)ε̄) so that ∩n≥0P
n
2 ⊇

B(γ(1)ε̄) so that P̃2 6= {p̂2} . To check that the condition that
∥∥∫ Midvidi

∥∥ < ε̄
is invariant to the choice of the second period numeraire, note that multiplying
all prices by the same positive scalar β > 0 implies that ε̄ on the right hand
side of the condition is now βε̄ while the expression on the left-hand side is equal
to
∥∥∥∫ −β (∫ ∂p2x̂i2(x̂1, ŷ)di

)−1
[∂yx̂

i
2dŷ

i + ∂x1x̂
i
2dx̂

i
1]di
∥∥∥ = β

∥∥∫ M ividi
∥∥ for all v :

I → S(ε̄) which implies that the condition itself remains unchanged.
(ii) Suppose there exists ε̄ > 0 such that

∥∥∫ Midvidi
∥∥ > ε, for all assignment

of expectations v : I → S(ε), for each ε ≤ ε̄. Then, B(ε̄) ⊆ P̃2 and hence,
P̃2 6= {p̂2}.
Consider the equality dp2 = −

(∫
∂p2x̂

i
2(x̂1, ŷ)di

)−1 ∫
[∂yx̂

i
2dŷ

i + ∂x1x̂
i
2dx̂

i
1]di

(evaluated at (p̂1, q̂, p̂2)) used in the proof of Proposition 2. The expression in the
integral on the right hand side of the equality has three components. The first
component, −

(∫
∂p2x̂

i
2(ŷ)di

)−1
, common to all individuals, captures the way a

change in the in second period spot prices affects second period commodity de-
mands when consumption in period 1 spot markets and asset demands remain
unchanged. The second component, ∂yx̂i2dŷ

i, is the product of income effect vec-
tor in second period markets and the change in asset holding and captures the
way in which individual i′s demand in second period markets changes as her asset
holdings changes in response to changing expectations of period 2 prices. The
third component, ∂x1x̂

i
2dx̂

i
1, is the product of the derivative of period 2 demands

w.r.t. consumption in period 1 markets and the change in consumption in period
1 markets and captures the way in which individual i′s demand in second period
markets changes as her consumption in period 1 markets changes in response to
changing expectations of period 2 prices. As market clearing in both periods is
common knowledge, it is common knowledge that

∫
ŷi = 0 and

∫
x̂i1di = w̄1 and

therefore,
∫
dŷidi =

∫
dx̂i1di = 0. It follows that whether or not rationalizable

temporary equilibria coincides with perfect foresight equilibria reduces to (a) the
sensitivity of second period spot commodity prices to a redistribution of revenue
in the same period and a redistribution in period 1 endowments and (b) the sensi-
tivity of period 1 consumption and asset demands to small changes in expectations
of second period prices. The following proposition formalizes the above intuition.
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Proposition 4. Consider a sequentially regular PFE vector of prices (p̂1, q̂, p̂2).
If there exists ε̃ > 0 such that either (i)

max
{∥∥∂yx̂i2(x̂i1,p̂2, ŷ

i)− ∂yx̂j2(x̂i1,p̂2, ŷ
i)
∥∥ ,∥∥∂x1x̂i2(x̂i1,p̂2, ŷ

i)− ∂x1x̂
j
2(x̂i1,p̂2, ŷ

i)
∥∥} < ε̃

for all i, j ∈ I, or (ii)
max

{∥∥∂p2ŷi∥∥ ,∥∥∂p2x̂i1∥∥} < ε̃

for all i ∈ I, then there exists a neighborhood N(p̂2, ε) of p̂2 and P 0
2 ⊂ N(p̂2, ε)

such that P̃2 = {p̂2}.
Proof. By Proposition 1, for a fixed assignment of expectations v :I→P 0

2 ,
P 0

2 ⊂ N(p̂2, ε), for some sequentially regular PFE (p̂1, q̂, p̂2),∥∥∥∥∫ Mividi

∥∥∥∥ =

∥∥∥∥∥−
(∫

∂p2x̂
i
2(x̂1, ŷ)di

)−1 ∫
[∂yx̂

i
2dŷ

i + ∂x1x̂
i
2dx̂

i
1]di

∥∥∥∥∥ .
As market clearing in both periods is common knowledge,

∫
ŷidi = 0 and

∫
x̂i1di =

w̄1 and therefore,
∫
dŷidi =

∫
dx̂i1di = 0. If both

∂yx̂
i
2(p̂2, ŷ

i(p̂1, q̂, p̂2)) = ∂yx̂
j
2(p̂2, ŷ

j(p̂1, q̂, p̂2))

and
∂x1x̂

i
2(x̂i1,p̂2, ŷ

i) = ∂x1x̂
j
2(x̂i1,p̂2, ŷ

i)

for all i, j ∈ I,
∫

[∂yx̂
i
2dŷ

i+∂x1x̂
i
2dx̂

i
1]di = 0, which, in turn, implies that

∥∥∫ M ividi
∥∥ =

0 for every v :I→S(ε), and every ε > 0 such that S(ε) ⊂ P 0
2 . Therefore, for

n = 1, 2, ..., P n
2 = {p̂2}. By continuity of ‖.‖, there is an ε̃1 > 0 such that if

max
{∥∥∂yx̂i2(x̂i1,p̂2, ŷ

i)− ∂yx̂j2(x̂i1,p̂2, ŷ
i)
∥∥ ,∥∥∂x1x̂i2(x̂i1,p̂2, ŷ

i)− ∂x1x̂
j
2(x̂i1,p̂2, ŷ

i)
∥∥} < ε̃1

for all i, j ∈ I, there exists ε > 0 such that S(ε) ⊂ P 0
2 and

∥∥∫ M ividi
∥∥ < ε,

for all v : I → S(ε) and by Proposition 1, P̃2 = {p̂2}. Next, note that using
the expression for M i derived in Proposition 1, by continuity of ‖.‖, there is an
ε̃2 > 0 such that if max {‖∂p2ŷi‖ , ‖∂p2x̂i1‖} < ε̃2, for all i ∈ I, there exists ε > 0
such that S(ε) ⊂ P 0

2 and
∥∥∫ M ividi

∥∥ < ε, for all v : I → S(ε). Finally, the set
ε̃ = min {ε̃1, ε̃2}.
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5. Effi ciency, REE and PFE: a robust example

In this section, a robust example of an economy whose rationalizable temporary
equilibria do not coincide with its unique PFE is constructed. It is verified that
there there are rationalizable temporary equilibria where the departure from effi -
ciency is driven by the fact that the marginal rates of substitution in comsumption
across spot markets aren’t equalized over individuals suboptimal allocations.
There is a single commodity at t = 1 and two commodities at t = 2. The

preferences of individuals are as follows. There are two types of individuals. Type
1 individuals are those with ui(x) = x11 + (1− β) log x21 + β log x22, 0 < β <
1
2
and endowments wi = (wi

11,w
i
21,w22) � 0. Type 2 individuals are those

with ui(x) = x11 + β log x21 + (1− β) log x22, 0 < β < 1
2
and endowments wi =

(wi
11,w

i
21,w22) � 0. Let p2 denote the price of commodity 2 at t = 2 and let

w̄tl denote the aggregate endowment of commodity l at time t. Both type 1 and
type 2 individuals have equal measure. Then β̄ =

∫
βidi = 1

2
. Let w′21 denote the

aggregate endowments of the numeraire commodity at t = 2 for type 1 individuals
and w′′21 denote the aggregate endowments of the numeraire commodity at t = 2
for type 2 individuals. It is assumed that w′21 > w′′21.
By computation, it is verified that there is a unique perfect foresight equilib-

rium configuration of prices (p̂2, q̂) =
(

w̄21

w̄22
, 1

2w̄21

)
and

M i =

{− w′21+w′′21
βw′21+(1−β)w′′21

(
1
2
− β

)
for type 1 individuals

w′21+w′′21
βw′21+(1−β)w′′21

(
1
2
− β

)
for type 2 individuals

Let P 0
2 =

[
w̄21

w̄22
− ε, w̄21

w̄22
+ ε
]
. We restrict attention to the case where indi-

viduals have point expectations over second period prices. Let S(ε) = {z ∈
<++ :

∣∣∣z − w̄21

w̄22

∣∣∣ = ε}. Consider the assignment of expectations v+ : I → S(ε)

(respectively, v− : I → S(ε)) where vi+ = w̄21

w̄22
− ε (respectively, vi− = w̄21

w̄22
+ ε)

for type 1 individuals and vi+ = w̄21

w̄22
+ ε (respectively, vi− = w̄21

w̄22
− ε) for type 2

individuals. Then, by computation it is checked that∥∥∥∥∫ Midvi+di

∥∥∥∥ =

∥∥∥∥∫ Midvi−di

∥∥∥∥
=

∣∣∣∣ w′21 + w′′21

βw′21 + (1− β)w′′21

(
1

2
− β

)
ε

∣∣∣∣
> ε
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as long as 0 < β < 1
2
and w′21 > w′′21. Therefore, for every ε > 0, there exists

0 < ε′ < ε such that
∫

Midvi+di = w̄21

w̄22
+ ε and

∫
Midvi−di = w̄21

w̄22
− ε where

v+ : I → S(ε′) (respectively, v− : I → S(ε′)) where vi+ = w̄21

w̄22
− ε′ (respectively,

vi− = w̄21

w̄22
+ε′) for type 1 individuals and vi+ = w̄21

w̄22
+ε′ (respectively, vi− = w̄21

w̄22
−ε′)

for type 2 individuals. In this case note that P n
2 = P 0

2 , n ≥ 1. Therefore, the set
of rationalizable expectations of second prices does not reduce to the unique PFE
and there are rationalizable temporary equilibrium outcomes that differ from the
unique PFE outcome.

6. Conclusion and Open Questions

In this paper, a new solution concept for intertemporal exchange, Rationaliz-
able Expectations Equilibria (REE) is proposed which doesn’t require agents to
have perfect foresight over future prices when trading in current spot markets.
Nevertheless, individual expectations over future prices aren’t held fixed (as in a
temporary equilibrium framework). Instead, it is assumed that individual’s are
able to coordinate their expectations over future prices by using all the informa-
tion about fundamentals that is common knowledge. It is shown that a REE
reduces to a PFE under specific conditions on fundamentals. An explicit example
of an exchange economy was constructed with RE allocations different from those
of PFE.
OPEN QUESTIONS:
1. Are there non-empty P̃2 that do not contain a PFE?
2. Can the global suffciency and necessary conditions be further strengthened?
3. Can the analysis be extended to a Lucas asset pricing model (e.g. to demon-

strate the existence of bubbles driven by the failure to coordinate expectations)
or a OLG economy and if so, what is the link between REE and the limit points
adaptive expectations dynamics?
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