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1 Introduction

The recent European sovereign crisis has called for unconventional and unprecedented policy

responses to overcome a long period of fiscal distress, financial turmoil, and uncertainty. On Septem-

ber 6, 2012, the European Central Bank (ECB) has introduced the Outright Monetary Transactions

(OMT) program: the ECB can purchase government bonds of a given country with no ex-ante quan-

titative limits, under some conditionality clauses. The goals of this program were clear: stopping

the dangerous spiral in spreads on sovereign bonds; protecting bondholders’ interest, mainly banks;

restoring the monetary policy transmission mechanism undermined by the fragmentation of bank

refinancing conditions and credit costs. The program was first announced on July 26, 2012, when

the ECB President Mario Draghi emphasized that “within our mandate, the ECB is ready to do

whatever it takes to preserve the euro. And believe me, it will be enough.”; on August 2, 2012, the

ECB reinforced its commitment; on September 6, 2012, the technical framework of these operations

was communicated.1 As Giavazzi et al. (2013) point out, the OMT program works through the

effective announcement of a commitment to intervening in the sovereign bond market. Until now,

the ECB has not yet purchased any bond through the OMT program, and, yet, the policy appears

to be successful. Government bond spreads of troubled economies have reduced, mainly because of

the credible commitment of ECB, as shown by Altavilla et al. (2014), Krishnamurthy et al. (2015),

Falagiarda and Reitz (2015), and Szczerbowicz et al. (2015); CDS spreads and corporate spreads

have declined, bank and firm borrowing conditions have eased, banks have been able to re-access

the market.2 President Draghi confirmed that “it’s really very hard not to state that OMT has

been probably the most successful monetary policy measure undertaken in recent time”.3

In this paper we go directly to the heart of the definition of “success” of a policy intervention

by investigating the welfare effects of announcing commitment of intervening in the sovereign bond

market. We propose a tractable framework that allows to derive, analytically, welfare implications

of an announced policy intervention in the sovereign bond market. The main result is that while the

policy intervention is ex-post Pareto improving, since it addresses what we define as the liquidity

externality, its ex-ante welfare implications, i.e. the implications at the moment of its announcement

accounting for the market reaction to the announcement, crucially depend on the fiscal policy used

to finance the intervention. Nevertheless, we show that there is a set of fiscal policies that imply

ex-ante Pareto improvement.

Let us first summarize our framework. There are three agents in the economy: a peripheral

1See http://www.ecb.europa.eu/press/pr/date/2012/html/pr120906_1.en.html
2See https://www.ecb.europa.eu/press/key/date/2013/html/sp130902.en.html
3Mario Draghi, President of the ECB, Frankfurt, 6 June 2013: http://www.ecb.europa.eu/press/pressconf/

2013/html/is130606.en.html
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country, international investors, and a monetary/fiscal authority. (i) A peripheral country starts in

a recession state and finances its consumption streams issuing long-term bonds. Stochastically, the

exogenous income eventually jumps to a good state, in which it will remain forever. However, if

the recession is long lasting the government might accumulate too much debt and it will optimally

default. In this case, it stops interest repayments to bondholders and it will remain in financial

autarky until the recession is over. At that point it will repay the investors after a renegotiation

of the debt burden. Hence, the problem of the peripheral economy is standard and it is in the

same spirit of the endogenous default problem as in Eaton and Gersovitz (1981). (ii) Risk neutral

international investors buy sovereign bonds in a perfectively competitive market and they bear the

risk of a loss due to the government’s insolvency in case of default. Their optimal decision results in

an equilibrium bond price. (iii) Finally, the monetary/fiscal authority, intended to play the role of

central bank, might decide to intervene in the bond market by lending to the peripheral government

at favourable conditions in order to extend interest repayment to bond holders. The intervention

is financed levying taxes to bondholders.

The crucial first step of our analysis is realizing that the perfectly competitive market for long-

term sovereign bonds that carry default risk and that can be traded in a secondary market is

characterized by an externality. In fact, in a competitive market at any period the bond price

must equal the present discounted value of future expected cash-flows, as optimally priced by new

investors. Hence, the bond price at any time t is forward looking and it does not take into account

the interest of creditors that have previously acquired long-term bonds. For example, if that bond

is issued by a sovereign country that is on the verge of default, because the recession has been long

lasting, the price would intrinsically be low. Borrowing at high interest rate will, in turns, speed

up that country’s default decision. This prospect is unwelcome by existing bondholders that own

long-term bonds, since they would like, if they could, to offer better borrowing conditions to the

troubled economy in order to delay default. In a competitive market, however, existing bondholders

are not able to affect the bond price. The key ingredients needed for this externality to arise are:

the existence of long-term bonds, the lack of commitment of repaying those bonds, the existence

of a secondary market for those assets, and perfect competition, which implies the existence of a

large number of atomic lenders.4 For this reason we label this externality as liquidity externality,

since it arises specifically because investors, in any period, can trade previously acquired bonds in

the secondary market.

This externality has been studied in Bizer and DeMarzo (1992) for generic credit market, and it

is not yet investigated when related to sovereign bond markets, and, more specifically, as a reason

of policy intervention. In this regard, our work significantly differ from previous studies that have

4This externality disappears if there is only one lender in the market.
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rationalized the scope of intervention policies in the bond market with preventing self-fulfilling

crisis, such as Gertler and Kiyotaki (2015), Lorenzoni and Werning (2014), Broner et al. (2014),

Corsetti et al. (2016), De Grauwe and Ji (2013), and pioneered by Diamond and Dybvig (1983).

In a nutshell, the basic idea of this line of research is that the economy can be stuck in a bad

equilibrium caused by investors’ pessimistic expectations, and policy intervention is able to revert

the economy to a good equilibrium by acting as a lender of the last resort and providing deposit

insurance. In contrast, our framework moves away from that view of debt crises and highlights

that motives of policy intervention arise even in an economy that is not characterized by multiple-

equilibria. In fact, in our paper the policy intervention’s goal is to eliminate the non-exclusivity

externality proper of the competitive market and not to select a particular equilibrium, as in the

cited papers.

Our work also differs from the literature in debt-dilution. The non-exclusivity externality that

the monetary/fiscal authority addresses in our framework is different from the one caused by debt-

dilution. In that context, as discussed in Bolton and Jeanne (2009), Chatterjee and Eyigungor

(2013), Hatchondo et al. (2016), the debt-dilution externality affects the price of newly-issued

bonds, since a new investor discount the bond value because of the borrowers’ lack of commitment

to limit future borrowing. Therefore, the debt-dilution externality is related to how a newly-issued

bond is priced and it is not related to how long-term bondholders that have not yet received full

repayment would like to price the bond differently from a new investor. In our paper we focus

on the latter externality, which can coexist with, but it is independent from, the debt-dilution

externality. Interestingly, the solution for solving the debt-dilution externality is rather different to

the one that mitigates the externality in our paper. In fact, Hatchondo et al. (2016) show that a

way to eliminate the debt-dilution externality features a tax on debt for the bond-issuing country

thats benefit long-term holders. In our frameworks, instead, we show that investors themselves are

willing to finance a policy that eliminates the market failure, as it will become clear later.

The policy intervention in our framework works as follows. When default comes, a lender of

the last resort, such as a central bank, has incentives to solve the non-exclusivity externality by

buying the newly issued government bonds at better conditions than the one offered by competitive

investors. This way the government can delay default and can continue to repay bondholders. We

impose the following constraint to the policy: first, when default comes, the monetary authority

implements a bond price such that the peripheral country is indifferent between defaulting and

continuing borrowing at the policy price; second, the government acts myopically during the length

of the intervention, which means that the government does not internalize the authority’s incentives

nor the duration of the intervention, and, as a consequence, it will optimally stay at the verge of

default for the duration of the policy; third, the intervention, which is obviously costly, is assumed
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to be financed by levying taxes to investors. These assumptions help in two dimensions. First,

from a conceptual point of view, we construct a policy that does not improve ex-post the peripheral

economy welfare; this fact allows us to highlight the role of investors and the role of the ex-ante, i.e.

at the moment of announcement, implications of the policy. Second, from a practical point of view

these assumptions lead to a very tractable model. Our strategy pins down a path of policy prices,

and a path of consumption and borrowing that leaves the peripheral country, at least, as well off.

We show that this type of intervention is, at the moment of its implementation, Pareto improving.

In fact, investors are better off because the benefits obtained by the increased probability to receive

a full repayment of their existing loans exceeds the expected loss from financing the intervention.

Hence, the policy is able to eliminate the non-exclusivity externality characterizing the competitive

bond market. In addition, we show that the policy intervention has always a limited duration. In

fact, after the policy starts, if the recession continues to last, the authority needs to give always

better and better condition to keep the peripheral country away from default. As a consequence,

the tax burden for investors rises and eventually it is such that it perfectly counteracts the benefit

of the intervention. At that point the intervention stops, and the peripheral country defaults.

Having a model that rationalizes an ex-post Pareto-efficient policy intervention, we then char-

acterize the ex-ante equilibrium. In fact, it is plausible that at the moment in which the authority

announces the intervention, the market reacts. Specifically, we show that at the moment of the

announcement, the bond price generally jumps up, since, right after the policy announcement, the

value of the bond carries the information that claims are insured by the policy intervention. As

a consequence, bond prices increases and the intervention is not immediately needed, since the

peripheral country is now able to borrow from the market at a relative low cost. This prediction is

in line with the empirical evidence that highlights the effects of OMT announcements on sovereign

spreads. Interestingly, the size of the jump of the bond price depends on the fiscal policy that is

implemented by the authority to finance the intervention. In fact, when the policy intervention

is announced, at any period investors value the bond considering not only the benefit that the

intervention brings by eliminating the externality, but also the cost that the intervention implies

through imposing taxes. How taxation affects prices is the key determinant of the welfare impli-

cation of the announced policy. For gaining an intuition, let us consider the simple case in which

agents/investors are taxed with a lump-sum tax. Such a tax is not distortive, since the cost of the

bailout for each investor is independent by the amount of assets she buys. As a result, the price of

the bond will not incorporate the intervention cost. In this case, investors will have large incentives

to demand sovereign bonds, since by owing more of those assets they will enjoy the gains of the

policy intervention.

The final part of the paper concerns welfare. Is the policy ex-ante, that is at the moment of
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the policy announcement, welfare improving? The first step to answer this question is realizing

that the ex-ante welfare of investors and of the peripheral country are both a function of the size

of the bond price jump caused by the announcement. However, while the country’s welfare is an

increasing function of the size of the jump, investors’ welfare is a decreasing function. Intuitively,

if the announcement causes a large appreciation of the bond, for example because investors know

that the tax to finance the intervention is not distortive, the country can enjoy much better market

borrowing condition and, therefore, higher consumption. However, in this case the fact that the

market is willing to offer good borrowing condition delays the actual policy intervention, which,

eventually, occurs when the country level of debt is rather large and the ex-post benefits for investors

become small. The second step is demonstrating that a policy that aggressively tax bond-holdings

so that there is no jump of the bond price the moment of announcement is the one that maximizes

the ex-ante investors’ welfare and minimize the ex-ante peripheral’s country welfare, which is,

nevertheless, equal to the welfare absent policy intervention by construction. Therefore, we can

show that such a policy is Pareto improving. Finally, the last step is stating that any tax policy that

creates a jump in the bond price at the announcement in a specific interval is Pareto improving.

While increasing the size of the jump from zero, the country gains more from the intervention, and

investors gain less. Thus, the jump creates a transfer from investors’ utility to the peripheral country

utility. Any policy associated with a size of the jump less or equal to the one that leave investors

as well off than absent policy intervention are Pareto improving. Our results should be interpreted

in the following way. Whether an unannounced policy improves welfare of investors and keep the

peripheral economy indifferent, an announced policy improves investors’ welfare only conditionally

on which taxation is in place. The effect of the announcement on the bond price implies an implicit

transfer, in terms of welfare, from investors to the peripheral economy. The size of the jump

in the bond price that occurs at the moment of the intervention is a summary statistic of that

transfer. There are set of fiscal policies that are Pareto-efficients and that are linked to financing

the intervention by taxing somewhat aggressively bondholders; in contrast, when attenuating too

much the dependence of taxes to bondholding, the intervention leaves investors worse off. In

our numerical exercise, for example, a policy that is financed via lump-sum taxes is not Pareto

improving.

It is also important to highlight what our paper and our results are silent about. Although we

believe our model capture the core elements of announced bailout policies, our frameworks ignores

channels that possibly affect the overall welfare of the economy. For example, if lower sovereign

spreads have a beneficial effect on the real economy, a link that can work through the balance-sheet

channels of the banking sector, as highlight in Gennaioli et al. (2014), and in Popov and Van Horen

(2015), among others, the overall welfare of the economy can be affected by the announcement
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through these channels that are absent in our model.

The rest of the paper is structured as follows. In section 2 we outline the general environment.

In section 3 we describe the competitive equilibrium. In section 4 we describe the policy interven-

tion and its ex-post properties. In section 5 we discuss the equilibrium properties of announcing

commitment to the intervention. In section 6 we characterize the ex-ante welfare implication of the

policy announcement. In section 7 we conclude with final remarks.

2 The Environment

The Peripheral Economy and Uncertainty. A representative agent (henceforth government)

in a peripheral country issues non-contingent bonds to smooth her consumption. The consumption

smoothing desire is motivated by the uncertainty about the exogenous income that the government

is facing and that is is the only source of uncertainty in the economy. We assume that time is

continuous and the income process Yt follows a continuous-time Markov chain, as conventionally

defined, i.e.:

Definition 1. Continuous-time Markov chain. A continuous-time Markov chain with finite or

countable state space Y is a family {Yt = Y (t)}t≥0 of Y-valued random variables such that:

a) The paths t 7→ Y (t) are right-continuous step functions; and

b) For any set of times ti < ti+1 = ti + si+1 and states yi ∈ Y , with t0 = 0,

P (Y (tk+1)|Y (ti) = yi∀i ≤ k) = P (Y (sk+1) = yk+i|Y (0) = yk) .

Condition (a) guarantees that the Markov chain makes only finitely many jumps in any finite

time interval. Condition (b) is the natural continuous-time analogue of the Markov property. It

requires two things: first, that the future is conditionally independent of the past given the present,

and second, that the transition probabilities are time-homogeneous.

More specifically, we assume a two-state process, i.e. Y = {yL, yH}: here yL denotes a bad state

in which income is low and yH > yL denotes a good state in which income yH is high. In the initial

period, t = 0, the economy is in the bad state (recession): the government is poor and needs to

borrow to finance consumption and satisfy coupon payments. Eventually the country recovers and

jumps to the good state. However, the time in which the country exits the recession is uncertain.

Once the country recovers, uncertainty is resolved and the country will remain in the good state

forever after. These assumptions impose restrictions on the infinitesimal generator matrix that
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governs the transition of the process. It can be shown that the transition probability matrix in this

case is:

P (t) =

e−λt 1− e−λt

0 1

 ,

with initial condition y(0) = yL. The key remark is that the time of the jump from the low to high

income, which we define as T j, has exponential distribution with parameter λ.

We have, therefore, a two-stage game. In stage-1, the prospect of an income increase provides

a motive for borrowing. Uncertainty is then fully resolved at some random date at which point we

enter stage-2 and the government receives a constant stream of income yH .

Remark. This setting, which is consistent with Hellwig (1977), allows us to derive analytic results.

Assuming an absorbing high income state is not a key limitation, since we are, anyway, mainly

interested in the dynamics during the low income state, which are obviously the main drivers of

sovereign crisis and monetary intervention.

Asset Structure. The government issues non-contingent bonds. These bonds have coupons that

decrease at a continuum rate δ. Hence, a bond issued at t promises to pay the sequence of coupons:

ke−δ(s−t), ∀s ≥ t,

where δ ∈ (0, 1) and k > 0. We normalize and set k = δ + r, so that the bond price is equal 1

when the risk of default is zero at all future dates, and where r is the assumed risk-free rate in

the economy. This well-known formulation of long term bonds is useful because it avoids having to

carry the entire distribution of bonds of different maturities (see Hatchondo and Martinez (2009)).

A bond issued at t− j is equivalent to e−δ(t−j) bonds issued at t, so the vector of outstanding bonds

can be summarized by a single state variable bt, which is equal to total debt in terms of equivalent

newly issued bonds. The parameter δ controls the maturity of debt, with δ = 1 corresponding to

the case of short-term bond and δ = 0 corresponding to the case of a consol.

Government and Default. We allow for the government to endogenously default on its debt

obligation. A key simplifying assumption for our analysis is that default can occur only when

income is in the low state. Hence, by assumption we rule out default when the economy exits the

recession phase. As it will be clear throughout the paper, we will focus our analysis mainly in

the recession state, since it is arguably the time in which policy intervention is meaningful; hence,

we believe that simplifying the dynamics of the model in the high income state does not bear a
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large cost.5 We assume the following sequence of events: if the government defaults, which always

happens when income is still in the low state yL, the government stops any coupon repayment and

the country is excluded from the financial market so that the economy lives in autarky. When

the recession is over, which means when income jumps to the higher state yH , the government

renegotiates debt payments by repaying only a fraction φ ∈ [0, 1] of outstanding debt, and it gains

back access to financial markets.

We denote with T the default period. In the next section we characterize the optimal time of

default choice; here we describe the constraints the government faces. There are two cases, then:

(i) either time of default, T , occurs before the time of the jump out the recession, T j; (ii) or default

never happens.

In the first case, T < T j: the government budget constraint is:

c(t) + q(t)
[
ḃ(t) + δb(t)

]
= yL + (r + δ)b(t), for t < T and for a given b(0),

c(t) = yL, for T ≤ t < T j,

c(t) + q(t)
[
ḃ(t) + δb(t)

]
= yH + (r + δ)b(t), for t ≥ T j and with b(T j) = φb(T ).

The first equation states the resource constraint prior to the default. c(t) denotes consumption at

time t, b(t) denotes asset holding, ḃ(t) denotes the instantaneous change in asset position, q(t) is

the bond price. The second equation indicates that the government is excluded from the financial

market from the time of default, T , to the time in which it enters in the good economic state, T j.

The third equation describes the budget constraint from the time of the jump onwards. Two things

are worth noticing; first, when the economy regain access to the financial market it starts with a

renegotiated level of debt, b(T j) = φb(T );6 second, since by assumption after the jump no default

will occur, then q(t) = 1, ∀t ≥ T j, because we have normalized the price of a risk-free bond to

unity.

5This assumption, which allows us to derive analytical results, is in line with the vast empirical literature on
sovereign defaults that links default episodes to periods of recession. Using quarterly data for 39 developing countries
over the 1970-2005 period, Yeyati and Panizza (2011) show that defaults are associated with deep recessions; Tomz
and Wright (2007) analyse defaults in a longer sample,1820-2004, and, although they find evidence that defaults also
happens without severe recessions, the maximum default frequency occurs when output is at least 7 percent below
trend. Hence, we believe that assuming no defaults in the good state of the economy is quite realistic. One can
relax this assumption by assuming an output cost of default and a risk of returning to the low state of the economy
after the jump to the high state. This setting would be more similar to standard business cycle endogenous default
models as in Arellano (2008), which require numerical solutions.

6Recall that in our notation b(t) denotes asset level, so that at debt is negative asset holding.
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In the second case, T > T j, there is no default, and the government budget constraint is:

c(t) + q(t)
[
ḃ(t) + δb(t)

]
= yL + (r + δ)b(t), for t < T j and for a given b(0),

c(t) + q(t)
[
ḃ(t) + δb(t)

]
= yH + (r + δ)b(t), for t ≥ T j.

Investors. The economy is populated by a continuum of mass 1 of risk neutral atomistic and

homogenous investors, which operate in a competitive financial market, and, therefore, take the

bond price as given. Let a(t) denote each investor’s individual bond holdings, which, in our economy,

are the counterpart of governments’ bond, so that in equilibrium we will have that a(t) = −b(t).
Denote with V (·) the investor’s value of asset holding. Then, the investor’s problem at any time t

before the jump and before default, i.e. ∀t < min{T, T j}, is:

V
(
a(t)|{q(s)}Ts=t

)
= max

ȧ(t)

∫ T

t

(−q(t)(ȧ(s) + δa(t)) + (r + δ + λ)a(t)) e−(r+λ)(s−t)ds+ (1)

+ V (a(T )|q(T )) e−(r+λ)(T−t).

The integral captures the value of a bond throughout the uncertain times in which the economy is

in a recession and the government might default at time T ; in this time interval, the investor can

increase her asset holding position at the price q(s), with t ≤ s ≤ T , and this investment returns

the coupon repayment, r + δ, as well some capital gain in case the economy jumps in the higher

income state, event with arrival rate λ. Notice, in fact, that the assumption about the income

process makes yH an absorbing state and, therefore, once the income has jumped in that state the

government will never default, and, therefore, q(t) = 1, ∀t ≥ T j. On the contrary, default risk

while income is low, implies that q(t) ≤ 1, ∀t ≤ T . Finally, the last term captures the value of the

bond in case the government defaults, which includes future repayments when the economy exits

financial autarky and renegotiates the debt payments.

Our setting leads to some straightforward results:

Proposition 1. Bond Price. The bond price q(t) satisfies the following conditions:

1. For any period before default/jump, that is ∀t < min{T, T j}, the law of motion of the price

q(t) satisfies:

q̇(t) = (r + δ + λ)(q(t)− 1), ∀t < min{T, T j},
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2. The bond price at default, q(T ), is:

q(T ) =
φλ

r + λ
.

This price is also the market price in any period between default, T , and the time of the jump

to the high income state, T j.

3. For any period after the jump, that is ∀t ≥ T j, the law of motion of the price q(t) satisfies:

q(t) = 1, ∀t ≥ T j.

See Appendix A.1 for the proof. Condition 3 follows directly from the assumption that the

government cannot default in the high income state. Hence, after the jump to the high income

state occurs, the sovereign bond is equivalent to a risk-free asset. Condition 2 relates the price of

the bond price at an instant prior default directly to the recovery rate of the bond, φ, and to the

probability that the bond will be payed in full, which is linked to the probability λ that the country

obtains a good realization of income in that instant. Condition 1 is the non-arbitrage condition

derived for risk-neutral investors acting in a competitive market. This condition is at the heart

of the non-exclusivity externality. As the proof makes clear, in a competitive market with a large

number of atomistic investors, a bond at time t must be priced by a new investor, which prices

the bond taking into account its future value, which is a function of the future price and of the

future repayments. However, the bond price does not reflect the value of the bond assigned by old

investors that have acquired the bond prior time t.

3 Debt and Price Equilibrium Dynamics

In this section we characterize the equilibrium path of debt, bond price, and default time

resulting from the government’s optimization problem. As described before, the government starts

with low income yL and with instantaneous probability λ income jumps to the higher level yH , at

which point uncertainty is resolved and the government receives yH forever after.

The value at the jump. Let us first derive the value of the government after uncertainty is

resolved, i.e. when income jumps to the absorbing high state. In order to obtain analytical results,

we assume that the instantaneous utility is u(c) = log(c) and that the risk-free rate in the economy

is equal to the discount factor, r = ρ. These assumptions imply that after the jump, since there is

no uncertainty, the government will optimally maintain a constant consumption.
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If the government has not defaulted prior to the jump, the problem is:

W j
(
b(T j)

)
= max

c(t),ḃ(t)

∫ ∞
T j

e−ρ(t−T
j) log(c(t))dt

s.t. ḃ(t) = yH − c(t) + (ρ+ δ)b(t)− δb(t),

where we have used the fact that after the jump q(t) = 1, ∀t ≥ T j. The solution of this trivial

problem gives the value at the moment of the jump, that is:

W j
(
b(T j)

)
=

log(yH + ρb(T j))

ρ
.

If the government has already defaulted prior to the jump, the problem is identical beside the

fact that at the moment of the jump the country reenters the financial market with a level of assets

that it is a fraction φ of its obligation at the moment of default, b(T ). Hence, it will start the

period of the jump T j with a level of assets equal to φb(T ).

Therefore, defining with x the starting level of assets at the time of jump T j, we can conveniently

write the value of the government at T j as:

W j(x) =
log(yH + ρx)

ρ
with:

x = b(T j) if T j ≤ T,

x = φb(T ) if T j > T.
(2)

The value at default. If the government defaults at time T , then it will remain in autarky

consuming the low level of income until the period of the jump, at which point it enjoys the value

W j(φb(T )) as measured above. Hence, the value function at default as a function of the level of

asset b(T ) is:

W d(b(T )) =
log(yL) + λW j(φb(T ))

ρ+ λ
(3)

Government problem prior default. We are now ready to write the problem of the govern-

ment, its value, and its default decision, when it faces a low income and has not yet defaulted. The

government takes the path of the bond price as given and it chooses the consumption level c(t),
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asset change ḃ(t), and the optimal time of default T , as follows:

W (b(t)) = max
c(t),ḃ(t),T

∫ T

t

e−(ρ+λ)(s−t)
[
log(c(s)) + λW j(b(s))

]
ds+W d(b(T ))e−(ρ+λ)(T−t), (4)

s.t. ḃ(t) =
1

q(t)
(yL − c(t) + (ρ+ δ)b(t))− δb(t), (5)

q̇(t) = (ρ+ δ + λ)(q(t)− 1), (6)

q(T ) =
λφ

λ+ ρ
, (7)

b(t) given.

The first constraint is the resource constraint of the government. The second constraint is the

evolution of the bond prices that follows from the investors’ problem. The third constraint is the

equilibrium bond price at time of default. The continuous time Euler equation that characterize

the equilibrium is:

ċ(t)

c(t)
=

λ

q(t)

[
c(t)W j

b (b(t))− 1
]
, ∀t ≤ T, (8)

where W j
b (·) denotes the derivative of the function W j(·) with respect to b. See Appendix A.2 for

the formal derivation.

Terminal conditions. The dynamic differential equation in (8), together with the differential

equation for ḃ(t) coming from the government resource constraint in (5) and the evolution of the

bond market price for q̇(t) in (6), pins down the optimal path of consumption and asset holding,

given the terminal conditions for the three variables. Deriving these terminal conditions is a well-

know problem called free terminal time boundary value problem. A formal derivation is provided

in Hartl and Sethi (1983) and applied in Hellwig (1977) in a similar context.

In our case, the system of the three terminal conditions, for b(T ), c(T ), and ḃ(T ) is:

log(c(T ))− log(yL) = λ
[
W j(φb(T ))−W j(b(T ))

]
−W d

b (b(T ))ḃ(T ) (9)

c(T ) = yH + rφb(T ), (10)

ḃ(T ) =
ρ+ λ

λφ
[yL − c(T ) + (ρ+ δ)b(T )]− δb(T ). (11)

See Appendix A.3 for the formal derivation

The first equation should be interpreted as a trade-off in the time dimension and pins down the

default time. The left hand side represents the benefit of delaying default of one instant, which
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stems from the possibility to consume more than in autarky. The right hand side represents the cost

of delaying default of one instant, which is composed by two terms: (i) the foregone opportunity

to default in case the jump occurs at that instant, which is a function of the arrival rate, λ, and

of the renegotiation parameter φ; and (ii) the disutility to increase the debt burden. The second

equation pins down the quantity of consumption and debt at default.

The solution of this system of three equations in three unknown, b(T ), c(T ), ḃ(T ),determines

these terminal values.

Competitive Equilibrium. We are now ready to define a competitive equilibrium from the

economy, prior to the default or jump.

Definition 2. A Competitive equilibrium is a bond price sequence {q(t)}Tt=0, a saving sequence

{b(t)}Tt=0, a consumption sequence {c(t)}Tt=0, and an optimal default time T for the for the peripheral

government, and an asset holding sequence {a(t)}Tt=0 for investors, such that, given {q(t)}Tt=0 :

(i) investors solve the problem in (1).

(ii) the government solves problem in (4)-(7).

(iii) the government defaults defaults at T , if T < T j.

(iv) bond markets clear, i.e. b(t) = −a(t), ∀t.

Once again, for convenience, we focus on the equilibrium for any t < min{T, T j}, since this is

the relevant case for which the policy intervention is meaningful. It is trivial to define and derive the

equilibrium condition in those cases: the bond price after default or after the jump are described in

Proposition 1, whereas the government budget constraints are described in Section 2. Since these

cases are not relevant for the scope of the paper we omit its formal description.

Hence, the equilibrium before default is characterized by the following system of differential
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equations:

q̇(t) = (ρ+ δ + λ)(q(t)− 1), ∀t ≤ T

q(t)ḃ(t) = yL − c+ b(t)[ρ+ δ(1− q(t))], ∀t ≤ T

ċ(t)

c(t)
=

λ

q(t)

[
c(t)W j

b (b(t))− 1
]
, ∀t ≤ T

q(T ) =
λφ

ρ+ λ
,

c(T ) = yL + ρφb(T ),

log(c(T ))− log(yL) = λ
[
W j(φb(T ))−W j(b(T ))

]
−W d

b (b(T ))ḃ(T ),

b(0) given,

with W j(·) and W d(·) are as defined in equation (2) and (3), respectively.

The competitive equilibrium is then obtained as a solution of a well-known problem in physics

and engineering, called boundary value problem. Intuitively, given the solution for the terminal

conditions at T , the solution of the system finds a path for the ḃ(t), c(t), q(t), and therefore for b(t),

that links the terminal conditions to the given initial value b(0) through the equilibrium path.7

In Figure 1 we plot the equilibrium path of the bond price q(t) and of the government’s level of

asset to output, b(t)
yL

, and consumption, c(t). To visualize how the economy can reach the default

stage, we assume that the recession is long lasting and income does not jump to the high state

before default. During the recession, in order to keep a roughly steady level of consumption, the

government must issue bonds. While debt increases, default incentive rises and investors continu-

ously devalue the bond. In turns, a lower bond price requires a larger amount of debt to finance

consumption. This vicious circle continues until the bond price reach the level q(T ) = φλ
ρ+λ

, at which

points the government defaults.

7A numerical solution for the boundary value problem can be computed in matlab using the function bvp4c.m. As
standard for non-linear system, it is not trivial to prove the existence and the uniqueness of the solution. Nevertheless,
for any calibration of the model we have tried, we were able to always find a unique numerical solution.
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Figure 1 – Bond Price and Debt before Default
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Note: this graph plots the competitive equilibrium path of the bond price (top panel), level of asset as a fraction of output

(central panel), and peripheral economy’s consumption (bottom panel), as a function of time (x-axis).

4 Policy Intervention

In this section we want to study whether a third party monetary/fiscal authority, which could

be thought of as a central bank, could improve the market outcome, by eliminating the non-

exclusivity externality with a targeted intervention. The question is whether the authority can

implement an allocation which represent an ex-post Pareto improvement with respect to the market

outcome. For illustrative purposes in this section we describe the equilibrium during the policy

intervention ignoring possible market reactions at the moment of the policy announcement, which

will be analyzed in the next section. One can think of this case as a unexpected and immediately

enforced policy intervention. Notice, that the outcome of this section will be an important reference

point when we discuss welfare implications of policy announcements.

Bailout intervention. We now describe the policy intervention. We assume that the instrument

employed by the authority combines operations in the bond market, that is an intervention in

the primary market of sovereign bonds, and a fiscal policy decision. Specifically, at any instant

during the intervention the authority underwrites every new bond emission of the government at
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a chosen policy price qP (t), for t ≥ T P . T P denotes the time in which the policy intervention

starts. As a benchmark case, which will be relevant later in the paper, let assume that the time

of intervention T P coincides with the time in which the country would default if there were no

intervention, i.e. T P = T . At the same time the authority sells this new emission to the market

at the equilibrium market price q(t). If q(t) < qP (t), then the authority realizes a loss, which

we assume is financed levying taxes to investors. How is the policy price chosen? We make the

two following assumptions. First, at any instant throughout the intervention the monetary/fiscal

authority will keep the peripheral government indifferent between continuing to borrow at the policy

price, and therefore to repay investors, and defaulting. Second, the government behaves myopically

during the intervention. This means that the government does not internalize the authority’s

incentives nor the duration of the intervention, and, as a consequence, it will optimally stay at the

verge of default for the duration of the policy. We can interpret this assumption in different ways.

First, the peripheral government might be afraid that the monetary/authority will disappear in

the future or that it will not be able to obey its task. Alternatively, the peripheral government

might not be able to observe investors’ incentives, which, as it will be clear later in this section,

drive the authority’s will to implement the policy. Either way, our assumption guarantees that

the policy implementation does not alter the governments’ attitude to default with respect to the

one presented in the previous section. Also, the fact that the implementation of the proposed

policy guarantees that, by construction, the bailout policy leaves the peripheral country at least as

well off allows us to concentrate on investors’ welfare effects to assess whether the policy is Pareto

improving.8 Finally, we denote the endogenous time in which the intervention ends with TE. At

that time, the policy stops financing the peripheral country, which will optimally default.

Remark. The monetary/fiscal authority ultimately acts as a coordination device for investors. In

fact, by choosing a specific bond price qP (t), the authority breaks the constraint imposed by the

competitive bond market and can select a bond price that reflects the interests of long-term bond

holders. Therefore, the same outcome could be achieved by the investors themselves if they were

able to coordinate.

Fiscal Policy. For tractability, we assume that the policy is financed levying taxes to investors

and that the monetary/fiscal authority runs a balanced budget. The per-period spending for the

policy is:

G(t) = −(δb(t) + ḃ)
(
qP (t)− q(t)

)
, for T P ≤ t ≤ TE. (12)

8It is important to point that that this assumption does not alter the welfare results we find in this paper and
therefore, it should be seen only as a simplifying assumption.
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The first term captures the quantity of new emissions issued by the peripheral government and

bought by the monetary authority. The second term is the loss of the authority per unit of bonds,

since, generally, as we will show later, qP (t) ≥ q(t). Running a balanced budget requires:

G(t) =

∫ 1

0

τ(i; t)di, for T P ≤ t ≤ TE. (13)

where τ(i; t) is a generic function that summarizes the tax rule applied to an investor i.

Intervention at Default time. Our assumptions about the form of the bailout intervention

implies that the dynamic system that characterizes the intervention is:

log(c(t))− log(yL) = λ(W j(φb(t))−W j(b(t)))−W d
b ḃ(t), for t ≥ T, (14)

qP (t)

c(t)
= W d

b (b(t)), for t ≥ T, (15)

qP (t)ḃ(t) = yL − c(t) + b(t)[ρ+ δ(1− qP (t))], for t ≥ T. (16)

The first two equations determine the government indifference condition between borrowing and

defaulting, while the last equation is the standard government’s budget constraint.

The first implication of the equilibrium in our benchmark case come directly observing that the

equations (14)-(16) are identical, at T , to the terminal conditions (9)-(11).

Lemma 2. At time of default T , qP (T ) = q(T ).

Moreover, the following Proposition characterizes the solution of the dynamic system (14)-(16).

Proposition 3. Let us denote with ḃ(b) the solution of the saving rate as a function of the level of

assets resulting from the system (14)-(16). If b(T )<0, then there is a unique stable steady state of

the dynamic system (14)-(16) that characterizes the post-intervention equilibrium, at which all the

variables remain constant. Specifically:

1. ∃!b̄ such that ḃ(b̄) = 0.

2. ∀b > b̄, ḃ(b) < 0.

See Appendix A.4 for the proof. This proposition is important because it guarantees that exists

a stable path that leads to a steady state, in mathematic sense, that is absorbing. In other words,

if the policy were to be implemented indefinitely, it would lead the peripheral country to converge

at a long-run level of asset holding (debt), b̄, and consumption. Hence, we can simply interpret the

results of Proposition 3 in terms of time path, as stated in the following Corollary.
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Corollary 4. If b(T ) > b̄, then the post-intervention equilibrium, conditional on income not jump-

ing to the high state, has the following properties:

1. ∃!T̄ such that b(T̄ ) = b̄ or, equivalently, ḃ(T̄ ) = 0.

2. b(t) converges to b̄ monotonically from above.

3. ḃ(t) converges to 0 monotonically from below,

4. qP (t) converges to q̄P ≡ q(T̄ ) from below.

5. ∀t ≥ T̄ , ḃ(t) = 0, and b(t) = b̄.

See Appendix A.5 for the proof.

This corollary characterizes the equilibrium time-path post-intervention if income does not jump

to the high state. If the government starts with a level of asset higher (i.e. lower debt) than its

steady state counterpart, then the level of debt increases with time, but at a lower pace, since

ḃ(t) is negative and converges to 0. Importantly, the bond price offered by the social planner is

increasing with time. This is an important feature of the intervention, which is rather intuitive.

The authority, by assumption, set a price that keeps the government indifferent between defaulting

and staying in the financial market. By doing so, its stock of debt increases and, as a consequence,

government’s default incentives rise. While debt grows, then, the authority must continuously offer

better financial condition, i.e. higher bond price, to keep the government in the market. Therefore,

by Lemma 2 we have that the at the moment of intervention the monetary authority will acquire

sovereign bond prices at the current market price, q(TE); however, as long as the intervention lasts,

the authority needs to buy bonds at higher and higher prices.

The investors’ gain and the length of intervention. The solution of the dynamic system

presented above ignores investors’ incentives. Is this type of intervention beneficial for investors?

And if so, for how long? On one hand, long term bond holders might gain from the government

delaying default, but, on the other hand, they have to finance the policy since the authority makes

a loss by buying bonds at a price higher than its market value. In this section we quantify the

net gain of investors from the policy and, consequently, we pin down the duration of the policy

intervention.

The Hamiltonian-Jacobi-Bellman of a representative investor after intervention is:

(ρ+ λ)V (b(t)) = −G(t) + q(t)
(
ḃ(t) + δb(t)

)
− (ρ+ δ + λ)b(t)− Vb(b(t))ḃ(t),
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where we have now incorporated the fact that the cost of the policy, G(t), is a burden for in-

vestors. Substituting the expression for G(t) in equation (12), and using the budget constraint of

the government post intervention in equation (16), the expression simplifies to:

(ρ+ λ)V (b(t)) = (yL − c(t)− λb(t))− Vb(b(t))ḃ(t). (17)

As defined earlier, eventually the authority stops the policy at TE. Obviously, at this time,

the government will default. Therefore, the terminal conditions related to investors’ Hamiltonian-

Jacobi-Bellman that need to be satisfied are:

V (b(TE)) = q(TE)b(TE),

Vb(b(T
E)) = q(TE),

where q(TE) = φλ
r+λ

, since it is a default time. The first condition is a value matching condition and

states that at the margin the value of keep lending to the government should be equal to the value

of letting the government default. The second is a smooth pasting condition: if value functions do

not smooth paste at b(TE), then stopping at b(TE) cannot be optimal. Better to stop an instant

earlier or an instant later.

Therefore, a monetary/authority that takes into account investors’ utility, and therefore taxpay-

ers’ utility, will keep lending to the peripheral country as long as the policy satisfies the following

incentive compatibility condition (ICC, henceforth):

−(ρ+ λ)q(TE)b(t) ≤ yL − c(t)− λb(t)− q(TE)ḃ(t),

which is obtained by substituting the two conditions above into equation (17). Simplifying, we

define the function ICC(t) as:

ICC(t) ≡ yL − c(t)− λb(t)(1− φ)− φλ

ρ+ λ
ḃ(t). (18)

Hence, investors gain from the intervention as long as ICC(t) > 0, and the stopping time for

the policy is the period TE such that ICC(TE) = 0.

We can show the following results:

Proposition 5. The Ex-post intervention.

1. If b(T)<0, then at T the social planner intervention is Pareto optimal, that is ICC(T ) > 0.

In this case, the policy keeps the peripheral economy indifferent and it makes investors strictly
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better off.

2. The length of intervention is limited. Specifically, there exist TE < T̄ such that for ICC(TE) =

0 and ICC(t) < 0, ∀t ≥ TE, so that the incentive compatibility constraint is not satisfied after

TE. Then, at TE the authority stops the intervention and the peripheral economy defaults.

See Appendix A.6 for the proof.

Proposition 5 states two important results. The first one is that at the moment of intervention

investors are better off than if the government were left to default. Hence, the intervention is Pareto

improving.9 The benefit of the intervention stems from solving the non-exclusivity externality. The

second one relates to the length of the intervention and answer the question: for how long investors

are better off? The length of intervention depends on how the cost for taxpayers grows with respect

to the benefit. The statement (2) implies that the cost increases faster so that the intervention is

always bounded in time. We can provide an intuition for this result. Recall that the cost of the

intervention, G(·), is financed by investors, and it is proportional to the distance between the policy

price qP (·) and the market price q(·), since that distance is also the loss that the authority makes

by buying the bonds in the primary market and reselling the secondary market. Now, if qP (·) is low

enough, then the cost of the intervention is relatively small and, therefore, investors’ intervention

gain that comes from delaying default exceeds its fiscal cost. On the contrary, if the policy price

qP (·) is too high, the fiscal cost of default might exceed the benefit and the authority needs to stop

the intervention since it is not anymore Pareto improving. But recall also that by Corollary 4 the

policy price is always increasing, which means that to keep the peripheral country as well off, the

authority needs to offer continuously better condition. Soon enough the fiscal burden for investors

become large enough that the intervention is not anymore beneficial for investors, the authority

stops the policy, and the government defaults.

This mechanism reveals an interesting balance of power. If the peripheral country has large

incentives to default, then the authority is forced to offer a high bond price, which is very costly

for taxpayer and the intervention will be very short. On the other hand, if the peripheral country

has small incentives to default, the intervention is relatively cheap and the investors’ are happy to

finance the government for a longer time waiting for the good output outcome to realize.

Figure 2 plots the dynamics of the bond price q(t), government’s assets b(t)
yL

and consumption c(t),

and of the function ICC(t) that measures the marginal gain of the policy intervention for investors.

When the default time T arrives, the authority offers an upper slowing price for the governments’

bond. Better borrowing conditions for the government are welcomed by long-term investors that

9Recall that by construction the policy leaves the peripheral country indifferent. Hence, since investors are better
off, then the policy is Pareto improving.
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would have otherwise lost part of their investment due to the upcoming default. At this conditions

the government is happy to stay in the market, continuing to borrow and increasing its consumption,

while investors are better off since they will continue to receive the interest repayments and default

is at least delayed. If the recession is long-lasting, so that the country does not jump to a better

state of the economy, the policy lasts and become more and more costly for investors, who are

financing the policy. At the time TE the benefit of the intervention is exactly counterbalanced by

that cost, there is no anymore marginal gain for investors to continue to financing the policy, and,

therefore, the monetary authority stops the intervention, and the country defaults.

Figure 2 – Bond Price and Debt before Default

Note: this graph plots the competitive equilibrium path of the bond price (top panel), level of asset as a fraction of output

(central panel), and peripheral economy’s consumption (bottom panel), as a function of time (x-axis).

The setting provided in this section, in which as soon as default time arrives and the market for

bond disappears the monetary authority intervenes and imposes its condition, is extremely useful

to understand how the policy works. However, this setting does not take into account the market

reaction to the policy announcement. We tackle this issue in the next section.
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5 Announcing Commitment to the Policy

The previous section was useful to show that in our framework there is a scope for policy

intervention and to explain what are the characteristics of the policy when it is in place. The

government may default because the bond price offered by the market is too low and existing

investors cannot coordinate to provide a better price. We proved that in this case a monetary/fiscal

authority that internalizes the interests of existing creditors has always incentive to intervene ex-

post and to extend credit to the government, thus eliminating the non exclusivity externality. We

also proved that, however, the policy is limited in time, since investors’ gain declines to zero.

Nevertheless, it is reasonable to expect that the market immediately reacts to the announcement

of the policy. In this case, not necessarily the policy intervention starts at the moment of the

announcement, since the market reaction per-se might delay the default and therefore the policy

intervention time. In fact, in this section we show that: (i) at the moment of the announcement

the bond price jumps; and (ii) as a consequence, the actual time of intervention is delayed.

Market Bond Price at Announcement. First, we investigate how the value of a bond changes

when the authority announces a policy intervention in the form we have explained in the previ-

ous section. We assume that investors have perfect information about the details of the policy.

Hence, our fully rational investors are perfectly able to compute the bond value accounting for the

intervention.

Consider an investor i. Denote with TA the time of the announcement of the policy, at which

the investors get to know the details of the policy implementation. Denote with the time of effective

intervention with T P .10 Then, the problem of an investor i at any time after the announcement,

that is for any t ≥ TA is:

V i
(
a(t)|{q(t)}TE

t=t, {τ(i, t))}TE

t=TP

)
=

max
ȧ(t)

∫ TE

t

[−τ(i, s)− q(s)(ȧ(s) + δa(s)) + (ρ+ δ + λ)a(s)] e−(ρ+λ)(s−t)ds+

+ V (a(TE)|q(TE))e−(ρ+λ)(T
E−t).

Then an investor’s value after the policy is announced is a function of the time of intervention,

T P , of the time of end of policy, TE, and on the taxation that investor is expecting to face to

10As it will become clear in this section the time of intervention when the market reacts to the policy announce-
ment, the authority will intervene at a time TP is in general different than the default time without intervention,
T .
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finance the policy. Consequently, the bond value after the announcement for investor i is:

qi

(
t|

{
T P , TE,

{
∂τ(i, t)

∂a(i)

}TE

t=TP

})
= max

a(i)

∫ TE

t

(
−∂τ(i, s)

∂a(i)
+ (ρ+ δ + λ)

)
e−(ρ+δ+λ)(s−t)ds+

+
λφ

ρ+ λ
e−(ρ+δ)(T

E−t).

(19)

Three remarks are worth making. First, the bond price depends upon the time T P in which

the intervention starts. This is because investors know that the government will finance its policy

levying taxes starting from T P . Second, investors internalize the intervention and they under-

stand that the interest repayment will continue until the time in which the intervention stops, TE.

Therefore, at the moment of the announcement the bond value increases, because the policy will

delay default. Third, notice that the value of each bond in agent i portfolio depends on the extent

to which taxation is affected by individual portfolio decisions. Investors, in fact, knows that the

intervention will be financed with taxes. The term ∂τ(i,t)
∂a(i)

captures this effect. Specifically, taxation

affects the value of bond only on the way the individual tax varies with individual bond holding,

a(i). The dependence of the tax on t captures the fact that the total amount of tax revenue need

to finance the intervention varies with time, as indicate in the fiscal rule in (22), since the total

revenue needs to equate the planner loss, as described in equation (12). Each investor will then

choose a level of assets a(i) that maximizes the value of its portfolio.

Ex-Ante Symmetric Rational Expectation Equilibrium. Since individuals are identical in

our model, we restrict our analysis to the symmetric equilibrium in which all agents will be taxed

with the same rule and, therefore, they will hold the same amount of bonds. Hence, we have that

∀i, j, a(i) = a(j) and ∂τ(i,t)
∂a(i)

= ∂τ(j,t)
∂a(j)

.

Then the representative investor’s value is:

V
(
a(t)|{q(t)}TE

t=t, {τ(t))}TE

t=TP

)
= (20)

max
ȧ(t)

∫ TE

t

[−τ(s)− q(s)(ȧ(s) + δa(s)) + (ρ+ δ + λ)a(s)] e−(ρ+λ)(s−t)ds+

+ V (a(TE)|q(TE))e−(ρ+λ)(T
E−t).

By defining τ̃(t) ≡ ∂τ(i,t)
∂a(i)

∀i, we then write the market value of a bond as:

q
(
t|{T P , TE, τ̃}

)
= max

a

∫ TE

t

(−τ̃(s) + (ρ+ δ + λ)) e−(ρ+δ+λ)(s−t)ds+
λφ

ρ+ λ
e−(ρ+δ)(T

E−t), (21)
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where τ̃ = {τ̃(t)}TE

t=TP .

We are now ready to define the ex-ante symmetric equilibrium of our economy when the inter-

vention is anticipated and prior to the jump to the high income state.

Definition 3. A Ex-Ante Symmetric Rational Expectation Equilibrium is: a time of announce-

ment TA, a time of policy intervention T P , a time of end of policy TE, a market bond price

before the policy announcement {q(t)}TA

t=0, a market bond price after the policy announcement

{q
(
t|{T P , TE, τ̃}

)
}TE

t=TA , a policy bond price {qP (t)}TE

t=TP , a tax policy {τ(t)}TE

t=TP , a saving policy

{b(t)}TE

t=0, an investment policy, {a(t)}TE

t=0, such that given the bond prices {q(t)}TA

t=0, {q
(
t|{T P , TE, τ̃}

)
}TE

t=TA ,

and {qP (t)}TE

t=TP :

(i) investors solve problem (1) from t ∈ [0, TA).

(ii) Given{τ(t)}TE

t=TP , investors solve problem (20) from t ∈ [TA, TE].

(iii) the government solves problem (4) taking as given the market bond price {q(t)}TP

t=0 for 0 <

t < TA, the market bond price {q
(
t|{T P , TE, τ̃}

)
}TE

t=TA for TA < t ≤ T P , and the policy bond

price {qP (t)}TE

TP for T P ≤ t < TE.

(iv) the monetary/fiscal authority:

• announces the intervention at TA if TA < T j;

• intervenes at T P if T P < T j and solves its problem in (14)-(16);

• stops the intervention at TE if TE < T j;

• follows the policy rule in (22) and balance its budget as in (12)

(v) bond markets clear.

We can prove a set of results that characterize the equilibrium.

Proposition 6. Characterization of Ex-Ante Equilibrium. In the ex-ante symmetric rational equi-

librium described above:

1. The time of intervention T P is defined by the condition:

q
(
T P |{T P , TE, τ̃}

)
= qP (T P ).

2. The market bond price at which the government can borrow in case the market anticipates

the intervention is always greater or equal to the one in the case of absent policy, that is

q
(
t|{T P , TE, τ̃}

)
≥ q(t), ∀t ≤ T P .
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3. The time of intervention T P is always greater or equal to the time of default, T absent policy:

T P ≥ T .

4. The level of assets (debt) is lower (higher) at the time of intervention, T P , than at the time,

T , in which the government would have defaulted absent policy: b(T P ) ≤ b(T ).

5. The authority will always intervene at T P .

See Appendix A.7 for the proof.

Whereas these results always hold, the exact equilibrium dynamics, and more specifically the

welfare implications of the policy announcement, depend on the form of the fiscal policy, as we

explain in the next section.

6 Welfare

As the equation for the bond market in equation (19) displays, the effects of the policy an-

nouncement on the equilibrium bond price depends on how the individual taxation is linked to the

amount of individual asset holdings. Hence, the ex-ante welfare implications of the are tightly re-

lated to the fiscal policy implemented to finance the intervention. In this section, first we illustrate

the ex-ante equilibrium in the case the policy is financed with a non-distortive lump-sum tax. Then

we generalize our findings.

6.1 Non-distortive Taxation

Let first assume that the monetary/fiscal authority finances the policy intervention with a lump-

sum tax. In this case the fiscal rule is:

G(t) =

∫ 1

0

τ(t)di, for T P ≤ t ≤ TE, (22)

in which the per-period tax τ(t) is a value independent by asset holding. Hence, ∀t, τ̃(t) = ∂τ(t)
∂a(t)

= 0.

This tax is not distortive. In fact, as equation (21) shows, the lump-sum tax does not affect an

investor’s bond evaluation when the policy is announced. This effect generates an over-evaluation

of the bond value. When the policy is announced, the investor prices the bond considering that

it the policy generates a delay of default. The bond then become more appealing and its value

appreciates. Nevertheless, with a lump-sum tax, the investor also understand that the burden of the

policy is independent by her bond holding. Figure 3 displays the dynamics of the main economic

variables. The top-left panel represents the bond price. After the first periods of devaluation, when
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at TA the authority announces the policy the bond prices jumps. The announced policy, then,

improves the credit conditions faced by the peripheral country, which can now borrow at a lower

interest rate. As a consequence, at TA it can increases is consumption level by borrowing at a

higher pace. If the recession is long lasting, eventually the bond price devaluates until, at time

T P , the authority decides to implement the policy. Notice that the policy announcement per-se

delays the policy implementation of a quite large time since, if absent market reaction as displayed

in Figure 2, the authority would have intervened at time T . Hence, the intervention following the

announcement occurs at a quite large debt-to-income level, and, by Proposition 5 the gain of the

investors from the intervention is lower, as measured bt the low value of the ICC variables at the

moment of intervention.

Figure 3 – Bond Price and Debt before Default

Note: this graph plots the competitive equilibrium path of the bond price (top panel), level of asset as a fraction of output

(central panel), and peripheral economy’s consumption (bottom panel), as a function of time (x-axis).

6.2 Pareto Efficiency

The example with the policy financed with a lump-sum tax helps to understand an important

feature of the welfare effects of the policy announcement: a bond price appreciation at the moment

of the announcement acts as an implicit utility transfer from investors to the peripheral country;

the higher the bond price jump, the higher is the magnitude of that transfer. In this subsection we
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formalize this concept.

In order to properly address the welfare effect of the policy, let’s indicate the ex-ante, i.e. at the

moment of the announcement TA, welfare of an investor as V (τ̃), and of the peripheral country as

W (τ̃). The notation makes explicit that the two measures of welfare are a function of the relevant

fiscal policy, τ̃

The first step for our analysis is to link these welfare measures to the size fo the jump that the

bond price displays at the moment of the announcement.

Proposition 7. Let define as ∆q(TA) the size of the jump of the bond price at the moment of the

announcement, that is ∆q(TA) = limt→TA− q(TA)− limt→TA+ q(TA). Then:

• W (τ̃) is monotonically increasing and continuous in ∆q(TA).

• V (τ̃) is monotonically decreasing and continuous in ∆q(TA).

See Appendix A.8 for the proof.

This proposition shows that the size of the bond price jump is a sufficient statistic for the

welfare implication of the policy announcement and we can rewrite the two measures of welfare as

W (∆q(TA)) and V (∆q(TA)).

The second step is to show that at the limiting case in which the fiscal policy aggressively taxes

bond holding so that ∆q(TA) = 0, the ex-ante welfare for investors is maximum and positive and

of the peripheral country is minimum and equal to zero. Hence, that policy is Pareto improving.

Corollary 8. For a given TA, the fiscal policy such that ∆q(TA) = 0 implies V (0) > 0 and

W (0) = 0. In this case the policy is ex-ante Pareto improving since the peripheral country is as

well off than the scenario without policy and investors are strictly better off.

See Appendix A.9 for the proof.

The monetary/fiscal authority could aggressively tax bond holding so that the announcement

has no effects on the evolution of the market bond price, and, as a consequence the size of the bond

price jump is zero. By Lemma 7 this scenario is the one for which investors’ welfare is the highest

and the country’s welfare is the lowest. Proposition 8 proves that in this corner case the investors’

gain from the intervention is strictly positive and the country’s gain of intervention is zero. Hence,

that policy makes the intervention ex-ante Pareto improving. Notice that this case mimics the

scenario presented in section 4: in this case the announcement does not affect the market price and

therefore, its effects are equivalent to the effects of an unexpected that takes place at T .

In addition, when the price jump size increases from zero, then, by Proposition 7 investors’ gain

from intervention decreases and the country’s gain increases. That means that all the policy char-
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acterized by a bond price jump such that the investor’s gain is still positive are Pareto improving.

The following Proposition formalizes this result.

Corollary 9. For a given TA, there exists an interval of fiscal policies τ̃ related to an interval of

the size of the bond price jump at announcement
[
0, ∆̄q(TA))

]
, such that:

• for any ∆q(TA) ∈
[
0, ∆̄q(TA))

]
, W (∆q(TA)) ≥ 0 and V (∆q(TA)) ≥ 0. Hence, all the policy

τ̃ associated with a jump in
[
0, ∆̄q(TA))

]
are Pareto efficient.

• for any ∆q(TA) > ∆̄q(TA), W (∆q(TA)) > 0 and V (∆q(TA)) < 0. Hence, all the policy τ̃

associated with a jump outside
[
0, ∆̄q(TA))

]
are not-Pareto efficient.

See Appendix A.10 for the proof.

Proposition A.10 states a very important result. The monetary/fiscal authority can use the fiscal

policy as redistribution instrument between investors’ welfare and the peripheral country’s welfare.

Financing the intervention by imposing heavy taxes to bond holding depresses the country’s welfare

in favour of investors’ welfare. By attenuating the dependence of the tax upon bond holding, the

policymaker creates an overvaluation of the bond price which diminishes investors’ welfare in favour

of the country’s welfare. Nevertheless, there is an upper limit for the size of the jump within the

interval of ex-ante Pareto improving policy. With jumps above that limit, investors would be worse

off by the intervention.

In Figure 4 we display the equilibrium paths of the policy that are at the boundary of the

Pareto improving set. Before the time of the announcement TA, the economy follows the dynamics

plotted with the continuous line. Then we show two cases. The first case is characterized by a

fiscal policy that taxes very aggressively bond holding. In this scenario the size of the jump of

the bond price ∆q(TA) is equal to zero, ad displayed by the dotted line. As stated in Corollary

8, this scenario is characterized a positive gain for investors and by smallest, and equal to zero,

gain for the peripheral country. The time of intervention in this case is indicated with T P−i and

the intervention region is represented with a light shaded area. The second case is characterized

by a fiscal policy that taxes less aggressively bond holding. In this scenario the size of the jump

of the bond price ∆q(TA) is positive, and equal to ∆̄q(TA), as displayed by the dashed line. This

scenario is characterized by the largest gain from the policy for the peripheral country and by a

gain for investors equal to zero. The time of intervention in this case is indicated with T P−c and

the intervention region is represented with a dark shaded area. The jump in the bond price at TA

delays the time of intervention, to T P−c and, increases the country’s consumption, and diminishes

the ex-post incentive to intervene for investors, as indicated by the ICC panel. Importantly, as

stated in Corollary A.10, any fiscal policy that implies a size of the jump between the two cases
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displayed in the figure represent a Pareto improving policy. Also, the largest is the size of that

jump the largest is the redistribution of welfare from investors to the peripheral country.

Figure 4 – Pareto Improving Policies

Note: this graph plots the competitive equilibrium path of the bond price (top panel), level of asset as a fraction of output

(central panel), and peripheral economy’s consumption (bottom panel), as a function of time (x-axis).

Finally, in Table 1 we present some summary statistics about the equilibrium dynamics of our

model under three different fiscal policies. In the first column we study an economy such that

that the implied price jump at announcement is zero, so that that fiscal rule implies a Pareto

improving policy that is optimal for investors. This case should be interpreted as a policy that

aggressively taxes bond holdings. In the second column we study an economy such that that the

implied price at announcement is ∆̄q(TA), so that that fiscal rule implies a Pareto improving policy

that is optimal for the peripheral country. This case should be interpreted as a policy that mildly

taxes bond holdings. In the third column we study an economy in which the authority imposes a

lump-sum tax to finance the policy, and, therefore, the policy does not tax at all bond holdings.

The calibration of the parameters of the model is as follow. The recession implies at income yL that

is 85% lower than in the good state, yH . The maturity of the bond is δ=0.5. The debt repayment

after default, φ is set to be equal to 0.95. The interest rate r and the discount rate ρ are equal to

0.02. Finally, the economy starts at period t0 with zero debt.

In our economy at the time of the announcement the spread, measured as the annualized

differerence between the return on the sovereign bond and the risk free rate, is about 19 percent.

The second and third row displays the effect of the announcement on the sovereign bond interest

30



Table 1 – Statistics of three different fiscal policies

Pareto Improving Non Pareto Improving
Optimal for Investors Optimal for Country Lump-Sum Tax

Asset Price and Debt
Spread before Announcement 19.29 19.29 19.29
Spread at Announcement 19.29 6.96 2.30
∆ Spread at Announcement 0 -12.33 -16.99
Debt/GDP at Intervention 13.21 29.75 60.12

Probabilities at Announcement
Prob. of Intervention 95 87 77
Prob. of Default 69 63 64

Welfare Gain/Loss from Policy
Welfare Investors (Cons. Equiv) 0.64 0 -1.40
Welfare Country (Cons. Equiv) 0 0.66 0.70

rate, and therefore on bonds’ value. By construction, the case in which the policy is optimal for

investor is designed such that there is no jump on the value of the bond. Hence, the annualized

spread at the announcement remains 19 percent. In the second scenario, the authority taxes lightly

bond holding and the spread at the announcement becomes 7 percent. This change reflects a bond

price jump equal to ∆̄q(TA). Finally, if the authority finances the policy via lump-sum taxes, the

spread decline drastically to 2.3 percent. Hence, the announcement creates a large bond evaluation

just because investors are incentive to demand sovereign bonds. The different fiscal policy and

the associated changes in the bond prices imply different moments in which the intervention will

take place: the lower the bond price jump, the earlier the authority will intervene. Since if the

recession is long lasting, the peripheral county’s debt increases with time, it follows that different

fiscal policies also imply different degree of debt sustainability before the intervention. As the forth

row shows, if the announcement does not affect bond prices, the authority will intervene early, that

is at low level of debt-to-GDP ratios (13 percent). If the fiscal policy is financed with lump-sum

taxes, the large increase market valuation of the bond implies that the market will be able to

support much large sovereign debt, up to 60 percent in terms of GDP. As the second panel shows,

we can compute the probability of intervention, and of default, in each scenario. Recall, that if

the exogenous process for income jumps to the higher state, default will never occur and therefore

there is no need of intervention. We can then compute how different policies affects the probability

of intervention and default. We can notice that if the announcement does not alter the bond price

intervention is very likely (95 percent). When the fiscal policy induces bond appreciation, the

market, as already explained, can sustain the sovereign borrowing for longer. The probability for

intervention falls to 87 and 77 percent for the other two scenarios. Intuitively, by taxing bond
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holding non aggressively, the authority can induces bond appreciation and can buy time, hoping

that a good realization of income realizes before an intervention is needed. Nevertheless, notice

that the default probability do not change drastically across the three scenarios. This is because

an intervention that starts at larger level of debt is shorter, since investors’ gain are reduced. The

third panel shows the welfare gain/loss from the intervention at the moment of the announcement,

in terms of consumption equivalent. In the first scenario, the country does not benefit from the

policy. This is intuitive because the policy is designed to make the peripheral country as well off as

its default value. Since in the first scenario the announcement does not alter the market outcome,

then the peripheral must not benefit from the policy. On the contrary, investors are better off, as

much as 0.64 percent in consumption equivalent, because the intervention is able to address the

non-exclusivity externality. It can be inferred that for our calibration this externality is quite costly

in terms of welfare. This scenario is at one extreme of the spectrum of Pareto improving policies,

since the peripheral country is unaffected by the policy intervention. The second scenario also

delivers not surprisingly results. In fact, in that case the fiscal policy is designed to create bond

price jump equal to ∆̄q(TA), which, by Proposition A.10, is defined to generate investors’ gain equal

to zero. In this case, the authority mildly taxes bond holding, the bond price at announcement

slightly jumps, and therefore the market outcome is affected. The bond appreciation allows the

peripheral country to borrow at better condition even before the intervention. Hence, it can enjoy

higher consumption and its welfare increases. This is the other extreme of the spectrum of Pareto

improving policies, in which now investors are unaffected by the policy: the gain obtained by

eliminating the non-exclusivity externality are completely transferred to the peripheral country.

Finally, the last column shows that a lump-sum taxation induces a so large bond appreciation that

investors are worse off from the intervention. This is because the announcement creates incentives

to demand bonds that, in turns, make the policy non beneficial from the investors’ point of view.

7 Conclusions

In this paper we investigate the welfare effects of announcing a credible commitment to policy

intervention in sovereign bond markets. Our paper is inspired by the recent policy conducted by

the European Central Bank that has strongly announced its intention to intervene in a “whatever

it takes” manner to stabilize sovereign bond markets with the Outright Monetary Transactions

program.

The necessary ingredient to address this question is a framework in which policy intervention has

potential to be beneficial. Our first result is to show that in a very general framework, a perfectly

competitive market that trades long-term sovereign bonds subject to default risk is characterized
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by what we label as the non-exclusivity externality. The intuition is that in a competitive market

the price of the bonds is set by new investors as the present value of future cash-flows. Hence, the

price does not reflect the incentives of old investors that have bought the assets in the past. For

example, when the sovereign country is on the verge of default, new investors will optimally set a

low price of the bond. In contrast, existing bondholders that own long-term assets would like to

give better borrowing condition to the sovereign country, since that would postpone default and

increase the probability that the economy exits the crisis. However, the competitive market does

not price existing bondholders’ incentives.

A central bank, or more generally a fiscal/monetary authority, can solve this externality by

intervening in the primary bond market. When default is about to occur the planner can offer

a better rate to the troubled economy and resell the assets to investors. The cost of this policy

is financed by levying taxes. We show that ex-post, i.e. at the moment of its implementation,

this policy is Pareto efficient at the moment of the intervention since the gain of solving the non-

exclusivity externality exceeds the cost of financing the intervention, while the peripheral country is

at least as well off. Nevertheless, we also show that the intervention has a limited duration. If the

recession is long-lasting, the authority needs to offer better and better credit condition to keep the

country away from default. Eventually, the fiscal cost for investors is too high and the authority

stops the intervention.

How do the equilibrium outcomes of the economy change when accounting for the market re-

action to the policy announcement? We are able to characterize this ex-ante equilibrium. The

main insight of our analysis is that the equilibrium outcomes of the model depend on the fiscal

policy chosen by the authority to finance the intervention. In fact, when the policy intervention

is announced, at any period investors value the bond considering not only the benefit that the

intervention brings by eliminating the coordination externality, but also the cost that the inter-

vention implies through imposing taxes. How taxation affects prices is the key determinant of the

welfare implication of the announced policy. If taxes are not distortive, that is if the cost of the

bailout for each investor is independent by the amount of assets she buys, the price of the bond

will not incorporate the intervention cost. In this case, investors will have a very large incentive to

demand sovereign bonds, since by owing more of those assets they will enjoy the gains of the policy

intervention. Prices are so high that when default time comes and the social planner intervenes,

investors might even realize a loss.

Nevertheless, we show three important result. Fist, by taxing bond-holding, the authority is able

to limit the market effect of the policy announcement on bond price. Second, there is a set of fiscal

policies that make the policy ex-ante Pareto improving. That means that even when accounting for

the market reaction both investors and the peripheral country are at least as well off as if the policy
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was not implemented. Finally, choosing a fiscal policy within the set of ex-ante Pareto improving

policies is equivalent to redistribute welfare from investors to the peripheral country.
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A Appendix: Proofs

A.1 Proof of Proposition 1

Proof. Proof of 1. The Hamiltonian-Jacobi-Bellman equation associated with the investors’ problem in (1) is;

(r + λ)V (a, q) = max
ȧ

[
−q(ȧ+ δa) + (ρ+ δ + λ)a+ V ′aȧ+ V ′q q̇

]
,

where we have dropped the time indexes for simplicity of notation. Notice that the assumption of perfect competition

and the fact that investors are atomistic implies that V (a, q) = Ṽ (q)a, which means that the unit value of an asset

is independent of the quantity of asset holdings. Then, we have:

(r + λ)Ṽ (q) = max
ȧ

[
−(q − Ṽ (q))

ȧ

a
+ (ρ+ δ(1− q) + λ) + Ṽ ′(q)q̇

]
.

If q > Ṽ (q), the price of the asset would be larger than its value and the investors would like to sell an arbitrarily

large number of assets. Viceversa, if q < Ṽ (q), the price of the asset would be lower than its value and the investors

would demand an infinite number of assets. It follows that in equilibrium it must be that q = Ṽ (q). Substituting

this relationship in the above expression we obtain statement 1 of the Proposition.

Proof of 2. The value of a bond one instant before default is

q(T − dt) =

∫ T

T−dt
(r + δ + λ)e−(ρ+δ+λ)(s−T+dt)ds+

∫ ∞
T

φλe−(r+λ)(s−T )ds

= 1− e−(ρ+δ+λ)dt +
λφ

ρ+ λ

taking the limit for dt→ 0 we get q(T ) = λφ
ρ+λ .

Proof of 3. Trivially, since it is never optimal for the government to default in the high income state, there is no

default risk for invesotrs, and q(t) = 1, ∀t ≥ T j .

A.2 Derivation of the continuous time Euler Equation in equation (8)

Proof. Define the current value Hamiltonian:

H(b, p, c, t) = u(c(t)) + λW j
b (b(t)) + p(t)ḃ(t),

where p(t) is the costate variable, b(t) is the state variable, c(t) is the control variable and u(c) is a generic utility

function which satisfies Inada conditions. The first order conditions of the optimal control problem are

Hc = 0,

−Hb = ṗ(t)− (ρ+ λ)p(t),

Hp = ḃ(t).
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Substituting the derivatives of the Hamiltonian

q(t)u′(c(t)) = p(t),

λW j
b (b(t)) + p(t)

[
ρ+ δ

q(t)
− δ
]

= −ṗ(t) + (ρ+ λ)p(t),

ḃ(t) =
1

q(t)
(yL − c(t) + (ρ+ δ)b(t))− δb(t),

and consolidating the first two equations:

λW j
b (b(t)) + (ρ+ δ)u′(c(t))− δq(t)u′(c(t)) = −q̇(t)u′(c(t))− q(t)u′′(c(t))ċ(t) + (ρ+ λ)q(t)u′(c(t)). (23)

Substituting for q̇(t) = (q(t)− 1)(ρ+ δ+λ) and using the fact that with log-utility −u
′′(c(t))c(t)
u′(c(t)) = 1 and u′(c(t)) = 1

c

we obtain (8)

A.3 Derivation of the Terminal conditions in equation (9)-(11)

Problem (4)-(7) requires a simultaneous determination of optimal control and the terminal time. These problems

are usually called free terminal time problems and it is well known that optimality for the terminal time requires an

additional transversality condition. Let T be the terminal time and S(b(T ), T, t) denote the salvage value function:

S(b(T ), T, t) ≡W d
b (b(T ))e−(λ+r)(T−t).

At the optimum the costate variable satisfies:

p(T ) = Sb(b(T ), T, t).

The condition that makes the transversality condition to pin down the optimal terminal time, T , is:

H(b(T ), p(T ), c(T ), T ) + ST (b(T ), T, t) = 0.

The transversality condition requires that at the optimal terminal time, the benefit of delaying default of one instant,

given by the Hamiltonian evaluated at T , is equal to opportunity cost of delaying default, given by the derivative of

the salvage function with respect to T . Together with the budget constraint, the terminal conditions of the problem

define a system of three equations:

log(c(T )) + λW j(b(T )) + p(T )ḃ(T ) = (ρ+ λ)W d(b(T ))

p(T ) = W d
b (b(T )),

ḃ(T ) =
1

q(T )
[yL − c(T ) + (ρ+ δ)b(T )]− δb(T ).
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Using the fact that p(T ) = q(T )
c(T ) and using (3), we get

log(c(T ))− log(yL) = λ
[
W j(φb(T ))−W j(b(T ))

]
−W d

b (b(T )ḃ(T )

q(T )

c(T )
= W d

b (b(T ))

ḃ(T ) =
1

q(T )
[yL − c(T ) + (ρ+ δ)b(T )]− δb(T ).

By computing W d
b (b(T )) =

λφW j
b (b(T ))

ρ+λ from equation (3), computing W j
b (b(T )) = 1

yH+ρφb(T ) from equation (2) and

using q(T ) in (7), the system of equations simplifies to

log(c(T ))− log(yL) = λ
[
W j(φb(T ))−W j(b(T ))

]
−W d

b (b(T ))ḃ(T )

c(T ) = yH + rφb(T ),

ḃ(T ) =
ρ+ λ

λφ
[yL − c(T ) + (ρ+ δ)b(T )]− δb(T ).

A.4 Proof of Proposition 3

Proof. Part 1.

Equations (14)-(16), define a system of three equations in three unknowns, ḃ, qP , c, given b. At the steady state

ḃ = 0 the system simplifies to: 
c = yL

(
yH+ρφb
yH+ρb

)λ
r

qP = φλ
ρ+λ

(
c

yH+ρφb

)
c− yL = b

[
ρ+ δ(1− qP )

]
Unfortunately, as standard in a system of non-linear equations, we cannot prove the existence of a steady state

and, therefore, we have to rely upon numerical solutions. However, provided that a steady state does exist, we can

still study its stability properties. Equations (14)-(16), define an autonomous system of three equations in three

unknowns, ḃ(t), qP (t), c(t), given b(t). To simplify the notation, in the following we ignore time dependence and we

simply denote the variables ḃ, qP , c, b. We also use the notation W j
b (·) and W j

bb(·) to denote respectively the first

and the second derivative with respect to b of the function W j(·). Taking derivatives of each equation in the system

(14)-(16) with respect to b we obtain


1
c

λ
ρ+λW

j
b (φb) 0

− λ
ρ+λW

j
b (φb) 0 1

1 qP ḃ+ δb


︸ ︷︷ ︸

≡A


∂c
∂b

∂ḃ
∂b

∂qP

∂b

 =


λ
(
W j
b (φb)−W j

b (b)
)
− λ

ρ+λW
j
bb(φb)ḃ

λ
ρ+λW

j
bb(φb)c

ρ+ δ(1− qP )


︸ ︷︷ ︸

≡v

. (24)

The determinant of A is

det(A) = −q
P

c
+

λ

ρ+ λ
W j
b (φb)

(
1 +

λ

ρ+ λ
W j
b (φb)(ḃ+ δb)

)
=

(
λ

ρ+ λ
W j
b (φb)

)2

(ḃ+ δb).

39



where the second equality comes from using (15). Let A2 be the matrix obtained by substituting the second column

in A with the vector v, the determinant of A2 reads

det(A2) =

(
λ

ρ+ λ
W j
bb(φb)(ḃ+ δb)− (r + δ(1− qp))1

c

)
+

+

(
λ
(
W j
b (φb)−W j

b (b)
)
− λ

ρ+ λ
W j
bb(φb)ḃ

)(
1 +

λ

ρ+ λ
W j
b (φb)(ḃ+ δb)

)

By Cramer rule, ∂ḃ∂b = det(A2)
det(A) . A steady state is stable if and only if the derivative ∂ḃ

∂b evaluated at the steady state

is negative, formally: ∂ḃ
∂b |ḃ=0 < 0. Notice that at the steady state ḃ = 0, and, therefore, det(A) < 0 since we are

restricting our domain of interest on b < 0. Stability follows if we can show that at the steady state det(A2|ḃ = 0) > 0.

Conditional ḃ = 0,

det(A2|ḃ = 0) = − λ
(
W j
b (b)−W j

b (φb)
)
− (ρ+ δ(1− qP ))

1

c
+

+
λ

ρ+ λ
W j
bb(φb)δb+

λ2

ρ+ λ

(
W j
b (φb)−W j

b (b)
)
W j
b (φb)δb.

From lemma (10) below

(
W j
b (b)−W j

b (φb)
)

+ (ρ+ δ(1− qP ))
1

c
= 0

and det(A2|ḃ = 0) simplifies to

det(A2|ḃ = 0) =
λ

ρ+ λ
W j
bb(φb)δb+

λ2

ρ+ λ

(
W j
b (φb)−W j

b (b)
)
W j
b (φb)δb > 0.

The sign follows immediately from the fact that W j
bb(φb) < 0, W j

bb(φb) > 0,
(
W j
b (φb)−W j

b (φb)
)
< 0 and b < 0.This

proves that if a steady state does exist, it must be stable. In addition, since the inequality ∂ḃ
∂b |ḃ=0 > 0 is satisfied

for any possible steady state in the domain b < 0, it must be the case that if a steady state exists it must also be

unique on this domain.

Part 2.

Because of stability, limb→b̄+ ḃ(b̄) < 0. Since the steady state is unique in the domain b < 0, it must be ḃ < 0 ∀b <
0.

Lemma 10. ∀t ≥ T , it must be

(ρ+ δ(1− qP (t))) = − λc(t)
ρ+ λ

W j
bb(φb(t))ḃ(t)

Proof. The first order conditions of the government problem are

qP (t)

c(t)
= p(t)

λW j
b (b(t)) + p(t)

(
ρ+ δ

qP (t)
− δ
)

= −ṗ(t) + (ρ+ λ)p(t)

At the steady state ṗ = 0. Let the authority choose q̄P such that p̄ = λ
ρ+λW

j
b (φb̄), then

λc̄
(
W j
b (b̄)−W j

b (b̄)
)

+ (ρ+ δ(1− q̄P )) = 0
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A.5 Proof of Corollary 4

Proof. Let us start with the second part.

Part 2.

By Proposition 3, if ∃b̄ < 0 such that ḃ(b̄) = 0, then it is unique. Also, ∀b such that 0 > b > b̄ it must be ḃ(b) < 0.

It follows that if b(T ) > b̄, for t > T , b(t) is monotonically decreasing and converges to b̄ from above.

Part 1.

Since if b(T ) > b̄, then b(t) is monotonically decreasing to b̄ and since the steady state of the system is unique, by

Proposition 3, then there must be a unique time T̄ at which b(T̄ ) = b̄ and ḃ(T̄ ) = 0.

Part 3.

The result comes directly from the fact that if b(t) > b̄, ∀t < T̄ , from the fact that b(t) is monotonically decreasing,

that ḃ(b) < 0, ∀b > b̄, and that ḃ(b̄) = 0.

Part 4.

From the system (24), let A3 be the matrix obtained by substituting the third column in A with the vector v. The

determinant of A3 reads

det(A3) =
λ

ρ+ λ
W j
b (φb)

[
λ

ρ+ λ
W j
b (φb)

(
ρ+ δ(1− qP )

)
− qP

(
λ
(
W j
b (φb)−W j

b (b)
)
− λ

ρ+ λ
W j
bb(φb)ḃ

)]
+

− λ

ρ+ λ
W j
bb(φb)c

[
qP

c
− λ

ρ+ λ
W j
b (φb)

]
Using (15) and applying lemma (10) to the second equality

det(A3) =

(
λ

ρ+ λ
W j
b (φb)

)2 [(
ρ+ δ(1− qP )

)
+ cλ

(
W j
b (b)−W j

b (φb)
)

+
λc

ρ+ λ
W j
bb(φb)ḃ

]
> 0

where the sign follows from the fact that from the budget constraint and the fact that c(t) > yL∀ḃ < 0, ρ+δ(1−qP ) >

0, while as above
(
W j
b (b)−W j

b (φb)
)
> 0 and W j

bb(φb)ḃ > 0. By Cramer’s rule

∂qP

∂b
=
det(A3)

det(A)
< 0

where the result follows from the fact that det(A) < 0 ∀b : 0 > b > b̄.

Part 5.

By definition of steady state, at T̄ , ḃ(T̄ ) = ḃ(b̄) = 0. Hence, for any t ≥ T̄ , ḃ(t) = 0 and b(t) = b̄.

A.6 Proof of Proposition 5

Proof. Proof of 1. At the time of intervention, T , by Lemma 2, qP (T ) = φλ
ρ+λ . Evaluating the government budget

constraint in equation (16) at the time of intervention, we have

φλ

ρ+ λ
ḃ(T ) = yL − c(T ) +

(
ρ+ δ

(
1− φλ

ρ+ λ

))
b(T ).
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Replace the right hand side of this expression into the last term of the ICC in equation (18) and evaluate the ICC

at T :

yL − c(T )− λ(1− φ)b(T )−
[
yL − c(T ) +

(
ρ+ δ

(
1− φλ

ρ+ λ

))
b(T )

]
.

Simplifying, it becomes:

−
[
λ(1− φ) +

(
ρ+ δ

(
1− φλ

ρ+ λ

))]
b(T ) > 0.

Since all the coefficients are positive, and φ and λ are less then one, the term in square bracket is positive. Therefore,

the ICC at time T is satisfied whenever the government defaults with some debt, i.e. with negative asset holding

b(T ) < 0.

Proof of 2.

Denote b̄ the steady state level of debt, such that ḃ(b̄) = 0. The system of equations (14)-(16) becomes:


c = yL

(
yH+ρφb̄
yH+ρb̄

)λ
ρ

,

qP = φλ
ρ+λ

(
c

yH+ρφb̄

)
,

c− yL = b̄[ρ+ δ(1− qP )].

This proof consists of two parts.

Part 1. First we want to show that at the steady state, it must be that b̄ < yL−yH
ρ . Let b̄ ≡ yL−yH

ρ + ε, we can

write

yH + ρb̄ = yL + ρε,

yH + ρφb̄ = [φyL + (1− φ)yH ] + φρε.

Define the variable ζ as:

ζ ≡ yH + ρφb̄

yH + ρb̄
=

[φyL + (1− φ)yH ] + φρε

yL + ρε
.

Notice that ζ > 1 since φ ≤ 1 and b̄ < 0. We can now restate the system in terms of ζ and the expression for b̄

defined above 
c = yLζ

λ
ρ ,

qP =
(
φλ
ρ+λ

)
yLζ

λ
ρ

[φyL+(1−φ)yH ]+φρε

yLζ
λ
ρ − yL =

(
yL−yH+ερ

ρ

) (
ρ+ δ(1− qP )

)
.

By substituting qP in the third equation:

ζ
λ
ρ

[
yL +

(
yL − yH + ερ

ρ

)
δφλyL

(ρ+ λ) [(φyL + (1− φ)yH) + φρε]

]
= yL +

(
yL − yH + ερ

ρ

)
(ρ+ δ).
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Now, ζ > 1 and yL + ρε < yH , therefore a necessary condition for the equality to be satisfied is that

δφλyL
(ρ+ λ) [(φyL + (1− φ)yH) + φρε]

> δ + ρ,

rearranging the inequality

−ρφ(δ + ρ+ λ)

ρ+ λ
yL − (δ + ρ)(1− φ)yH > φρε.

which implies ε < 0.

Part 2. We can write the first equation of the steady system in logs as:

ln(c)− ln(yL) =
λ

ρ

[
ln(yH + ρφb̄)− ln(yH + ρb̄

]
.

From Part 1 at the steady state c ≥ yL which implies that qSP ≥ δ+ρ
δ . Then

c > yH + ρφb̄.

Moreover, from Part 1, we have

yL > yH + ρb̄.

By strict concavity of the logarithmic function (the result is proved in Lemma 11 below), we have:

ln(c)− ln(yL)

c− yL
<

[
ln(yH + ρφb̄)− ln(yH + ρb̄)

ρ(φ− 1)b̄

]
.

Substituting ln(c)− ln(yL) = λ
ρ [ln(yH + ρφb̄)− ln(yH + ρb̄)], we have:

c− yL > λ(φ− 1)b̄.

Hence, the function ICC at the steady state ICC(t) = yL−c(t)−λb̄(1−φ) is negative at the steady state. Intuitively,

the cost of avoiding default, c− yL is higher than the benefit for the investors λ(φ− 1)b̄.

Lemma 11. Let C → R be an open interval, f : C → R is concave iff for any a, b, c, d ∈ C, with a < b < c < d,

f(c)− f(a)

c− a
≥ f(d)− f(b)

d− b
.

Proof. . We first show that:

f(c)− f(a)

c− a
≥ f(d)− f(a)

d− a
.

Suppose that f is concave and take any a, b, c, d ∈ C, a < b < c < d. Since (c−a) > 0 and (d−a) > 0, the expression

above holds iff:

f(c)− f(a)

c− a
≥ f(d)− f(a)

d− a
,
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which holds iff (collecting terms in f(c)),

f(c) ≥
(

1− c− a
d− a

)
f(a) +

(
c− a
d− a

)
f(d).

Since f is concave, the latter holds taking θ =
(
c−a
d−a

)
∈ (0, 1). Moreover, verifying that c = (1 − θ)a + (θ)d, any

function that satisfies the equation needs indeed to be concave.

f(θd+ (1− θ)a) ≥ θf(d) + (1− θ)f(a).

Similarly we can show that:

f(d)− f(a)

d− a
≥ f(d)− f(b)

d− b
.

Collecting terms in f(b),

f(b) ≥
(

1− d− b
d− a

)
f(d) +

(
d− b
d− a

)
f(a).

The previous proof goes through, taking θ =
(
d−b
d−a

)
, and verifying that, indeed, b = (1− θ)d+ (θ)a.

A.7 Proof of Proposition 6

Proof. Proof of 1. Suppose {q
(
TP |{TP , TE}

)
} < qP (TP ), then ∃t, δ > 0 such that for |TP−t| < δ, {q

(
t|{TP , TE}

)
} <

qP (TP ), but this is a contradiction as the government would have already defaulted at TP . Suppose instead

{q
(
TP |{TP , TE}

)
} > qP (TP ), then investors will outbid the market. In this case, at TP the government is better

off by borrowing at the market price and not at the policy price.

Proof of 2. To guarantee that the policy keeps the peripheral country as well off, it must be the case that inter-

vention will occur at qP (TP ) ≥ q(T ); otherwise for some t < T the government would have to borrow at a higher

interest rate. Notice that the law of motion for q(t) before intervention is the same whether the intervention is

anticipated or not, and equal to equation (6), since taxes are zero before the intervention takes place. If follows

that the dynamic is fully characterized by the terminal condition with the consequence that qP (TP ) ≥ q(T ) implies

{q
(
t|{TP , TE}

)
} ≥ q(t), ∀t ≤ TP .

Proof of 3. Since from the point above {q
(
t|{TP , TE}

)
} ≥ q(t),∀t ≤ TP , at T the government faces a higher or

equal to bond price in case of policy announcement than in the case of absent policy and therefore at T it will not

default; hence, it must be that TP ≥ T
Proof of 4. Hence, since from Corollary 4, part 3, b(t) is decreasing, TP ≥ T implies that b(TP ) ≤ b(T ).

Proof of 5. By Proposition 2, part 5, for any t ≤ TE , ICC(t) > 0, and the authority has always incentive to

intervene. Since, obviously the time in which the intervention starts is always earlier than the time in which the

intervention stops, TP ≤ TE , then, ICC(TP ) > 0 the authority will intervene at TP .
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A.8 Proof of Proposition 7

Proof. Let W (τ̃) be the welfare gain of the borrowing government at the moment of the policy announcement TA:

W (τ̃) =

∫ TE

TA
[yL − c(s, τ̃) + λV j(b(s, τ̃))]e−(ρ+λ)(s−TA)ds+W d(b(TE , τ̃))e−(ρ+λ)(TE−TA)

−
∫ T

TA
[yL − c(s) + λV j(b)]e−(ρ+λ)(s−TA)ds−W d(b(T ))e−(ρ+λ)(T−TA)

where the argument τ̃ indicates the dependence on the policy. Because of the way the planner intervention is

modelled, from the moment of intervention TP onward, the government will be indifferent between defaulting and

keep borrowing, hence the welfare function simplifies to

W (τ̃) =

∫ TP

TA
[yL − c(s, τ̃) + λV j(b(s, τ̃))]e−(ρ+λ)(s−TA)ds+W d(b(TP , τ̃))e−(ρ+λ)(TP−TA)

−
∫ T

TA
[yL − c(s) + λV j(b)]e−(ρ+λ)(s−TA)ds−W d(b(T ))e−(ρ+λ)(T−TA),

The policy τ̃ is relevant to the government to the extent that, by altering the equilibrium path of the bond market

prices before intervention {q(t, τ̃)}TPTA , it relaxes (tightens) the government budget constraint. In particular, by

altering the bond price at intervention q(TP , τ̃), the policy alters the terminal conditions of the government problem:

an increase in q(TP , τ̃) lowers b(TP , τ̃), providing incentive to the government to borrow further. We conjecture that

in equilibrium ∂TP

∂q(TP ,τ̃)
> 0, a condition which is always verified in our numerical simulations. Under this condition,

W (τ̃) is monotonically increasing in TP and TP is a sufficient statistics for the effect of the policy.

Let V (τ̃) be the welfare gain of an investor at the moment of the announcement TA,

V (τ̃) = −
(
q(TA, τ̃)− q(TA)

)
b(TA)−

∫ TE

TP
(G(s)− τ̃(s)b(s, τ̃)) e−(ρ+λ)(s−TA)ds,

where the argument τ̃ is added to make clear the dependence on the policy. The first term is the jump in the bond

price at the moment of the announcement, while the second term is the lump sum tax, which affects welfare, but

not the bond price. For convenience of exposition, we will often refer to the two terms separately as

V PRE(τ̃) = −∆q(TA)b(TA)

V POST (τ̃) = −
∫ TE

TP
(G(s)− τ̃(s)b(s, τ̃)) e−(ρ+λ)(s−TA)ds

where ∆q(TA) ≡ q(TA, τ̃)− q(TA). Using equations 1, 12 and 21 we can write V (τ̃) explicitely:

V (τ̃) =

∫ TE

TA

[
−τ̃(s)b(s, τ̃) + q(s, τ̃)

(
ḃ(s, τ̃) + δb(s, τ̃)

)
− (ρ+ δ + λ)b(s, τ̃)

]
e−(ρ+λ)(s−TA)ds− φλ

ρ+ λ
b(TE)e−(ρ+λ)(TE−TA)

+

∫ TE

TP

[(
δb(s, τ̃) + ḃ(s, τ̃)

)
(qP (s, τ̃)− q(s, τ̃) + τ̃(s)b(s, τ̃)

]
e−(ρ+λ)(s−TA)ds

−
∫ T

TA

[
q(s)

(
ḃ(s) + δb(s)

)
− (ρ+ δ + λ)b(s)

]
e−(ρ+λ)(s−TA)ds
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notice that b(TE) is in general independent of the policy. Splitting the integral and simplifying the term τ̃(s)b(s, τ̃),

V (τ̃) =

∫ TP

TA

[
q(s, τ̃)

(
ḃ(s, τ̃) + δb(s, τ̃)

)
− (ρ+ δ + λ)b(s, τ̃)

]
e−(r+λ)(s−TA)ds

+

∫ TE

TP

[
qP (s, τ̃)

(
ḃ(s, τ̃) + δb(s, τ̃)

)
− (ρ+ δ + λ)b(s, τ̃)

]
e−(ρ+λ)(s−TA)ds− φλ

r + λ
b(TE)e−(ρ+λ)(TE−TA)

−
∫ T

TA

[
q(s)

(
ḃ(s) + δb(s)

)
− (ρ+ δ + λ)b(s)

]
e−(ρ+λ)(s−TA)ds.

Substituting for the budget constraint 5 and adding and subtracting q(TP )b(TP )e−(r+λ)(TP−TA):

V (τ̃) =

∫ TP

TA
[yL − c(s, τ̃)− λb(s, τ̃)] e−(ρ+λ)(s−TA)ds− q(TP , τ̃)b(TP , τ̃)e−(ρ+λ)(TP−TA)

∫ TE

TP
[yL − c(s, τ̃)− λb(s, τ̃)] e−(ρ+λ)(s−TA)ds− φλ

ρ+ λ
b(TE)e−(ρ+λ)(TE−TA) + q(TP , τ̃)b(TP , τ̃)e−(ρ+λ)(TP−TA)

−
∫ T

TA
[yL − c(s)− λb(s)] e−(ρ+λ)(s−TA)ds+

φλ

ρ+ λ
b(T )e−(ρ+λ)(T−TA).

Notice that

−q(TA, τ̃)b(TA) =

∫ TP

TA
[yL − c(s)− λb(s)] e−(ρ+λ)(s−TA) − q(TP )b(TP )e−(ρ+λ)(TP−TA)

−q̂(TA)b(TA) =

∫ T

TA

[
yL − ĉ(s)− λb̂(s)

]
e−(ρ+λ)(s−TA) +

φλ

r + λ
b̂(T )e−(ρ+λ)(T−TA)

Hence, we can restate V POST as

V POST (τ̃) =

∫ TE

TP
[yL − c(s, τ̃)− λb(s, τ̃)] e−(ρ+λ)(s−TA)ds− φλ

ρ+ λ
b(TE)e−(ρ+λ)(TE−TA)

+ q(TP , τ̃)b(TP , τ̃)e−(ρ+λ)(TP−TA),

We are now ready to prove the results. Let’s start first by considering V PRE(τ̃). Because of the assumption

that τ̃ = 0 before intervention, the path for q before TP should solve the differential equation q̇ = (q− 1)(ρ+ δ+λ).

Hence for a generic terminal time T ≤ TP and relative terminal price q(T ), the market price ∀t ≤ T must be

q(t) = 1− (1− q(T ))e−(r+δ+λ)(T−t). It follows that

V PRE(τ̃) ≡ −∆q(TA)b(TA)

=
[(

1− q(TP , τ̃)
)
e−(ρ+δ+λ)(TP−TA) − (1− q(T )) e−(ρ+δ+λ)(T−TA)

]
b(TA).

It is important to realize that τ̃ is relevant only to the extent that it affects q(TP , τ̃), and correspondingly the

equilibrium TP , which, of course, is endogenous to τ̃ . Therefore, we can use the effect of a shift in q(TP , τ̃) as a

sufficient statistic for the effect of a policy change in τ̃ . In practice it is more convenient to study the effect of a

change in TP , hence in the following we will consider the effect on the equilibrium of a marginal change dTP . We

have

∂∆q(TA)

∂TP
= −

[
∂qP (TP , τ̃)

∂TP
+ (ρ+ δ + λ)(1− q(TP , τ̃))

]
b(TA)e−(ρ+δ+λ)(TP−TA) > 0.

46



The first term, ∂qP (TP ,τ̃)
∂TP

is the derivative of the price schedule of the social planner with respect to time and can

be stated as ∂qP (TP ,τ̃)
∂b(TP ,τ̃)

ḃ(TP , τ̃), which is positive, since from (??) we have ∂qP

∂b < 0. The second term is positive as

well, as long as q(TP , τ̃) ≥ 1. Let’s now consider V POST . Taking derivative with respect to TP (recognizing the

dependence of TE on TP ) we get

∂V POST

∂TP
=
∂TE

∂TP

[
yL − c(TE)− λ(1− φ)b(TE)− φλ

r + λ
ḃ(TE)

]
e−(ρ+λ)(TE−TA)+

−
[
yL − c(TP , τ̃)− λb(TP , τ̃)

]
e−(ρ+λ)(TP−TA)+

+
[
q̇P (TP )b(TP , τ̃) + q(TP )ḃ(TP , τ̃)− (ρ+ λ)q(TP , τ̃)b(TP , τ̃)

]
e−(ρ+λ)(TP−TA).

We can get rid of the first row by noticing that

yL − c(TE)− λb(TE)− φλ

ρ+ λ
ḃ(TE) = ICC(TE) = 0,

then substituting the budget constraint 5, it simplifies to

∂V POST

∂TP
=
[
(ρ+ δ + λ)(1− q(TP , τ̃)) + q̇P (TP , τ̃)

]
b(TP , τ̃) < 0

where the sign comes form q(TP , τ̃) ≤ 1 and q̇ > 0. Summing the two derivatives, we can compute

∂V

∂TP
=
[
q̇P (TP , τ̃) + (ρ+ δ + λ)(1− q(TP , τ̃))

] (
b(TP , τ̃)e−(ρ+λ)(TP−TA) − b(TA, τ̃)e−(ρ+δ+λ)(TP−TA)

)
< 0

where the sign comes from noticing that

0 > b(TA)e−(ρ+δ+λ)(TP−TA) > b(TP , τ̃)e−(ρ+λ)(TP−TA).

From above, ∂V
∂TP

< 0 and ∂∆q(TA)
∂TP

> 0, hence

∂V ( ˜tau

∂∆q(TA)
=

∂V

∂TP
∂TP

∂∆q(TA)
< 0.

Similarly,

∂W (τ̃)

∂∆q(TA)
=

∂W

∂TP
∂TP

∂∆q(TA)
< 0.

A.9 Proof of Corollary 8

Proof. Consider a policy such that ∆q(TA) = 0 and b(TA) < 0, then by the definition of V PRE , it must be

V PRE = 0. However, V PRE is equal to zero if and only if TP = T . Hence it must be that the market path for the

bond price with policy overlaps with the path of the bond price absent policy, formally q(t, ˜tau) = q(t) ∀t ≤ TP .

The welfare gain of the government is therefore zero as W (TP ) = W (T ). It remains to show that V POST > 0. Let’s
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consider the function

f(t, T ) =

∫ t

T

[yL − c(s)− λb(s)] e−(r+λ)(s−TA)ds− φλ

r + λ

[
b(t)e−(r+λ)(t−TA) − b(T )e−(r+λ)(T−TA)

]
,

where for TP = T , V POST ≡ f(TE , T ). It is immediate to check that f(T, T ) = 0, moreover f(t, T ) is strictly

increasing in t, ∀t ≤ TE , indeed

∂f(t, T )

∂t
= yL − c(t)− λ(1− φ)b(t)− φλ

r + λ
ḃ(t) ≡ ICC(t) ≥ 0, ∀t ≤ TE .

The result follows.

A.10 Proof of Corollary A.10

Proof. For any ∆q(TA) > 0 implies q(TP ) > q(T ). The government is strictly better off, sinceW (q(TP )) > W (q(T )).

Investors are strictly better off for ∆q(TA) = 0, however, by Lemma 7. V (∆q(TA)) is monotonically decreasing in

∆q(TA). As in principle the jump can be made arbitrarily large from a policy that subsidizes asset holdings, there

should exists a an upper bound on the jump. [to be completed]
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