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QCA-AMC Working Paper Number 1: Logical paradoxes in fsQCA: a Systematic Treatment 

 

The proposal below was submitted to the conference, Qualitative Comparative Analysis (QCA) – 
Perspectives for Political Sciences, Sociology and Organizational Research1, June 1-2 2012, University of 
Hamburg (http://www.compasss.org/files/Hamburg.pdf). We had hoped to see these 
fundamental issues addressed at that event. However, the proposal was rejected by the organisers, 
though we gave a second paper to the event (on “calibration and consistency”).  
 
The proposal sets out one of the areas we will be exploring, with Steph Thomson as our co-
worker, as part of our new ESRC project (Qualitative Comparative Analysis: Addressing Methodological 
Challenges, with particular reference to survey data, running from three years from 1/1/13). We’d 
welcome any comments on its arguments.  
 
Interested readers might also want to look at the related discussion on pages 244-246 of Schneider 
& Wagemann’s (2012) Set Theoretic Methods for the Social Sciences. In their book, what we prefer to 
term the “logical paradoxes” problem is seen as one concerning “skewed membership scores” and 
it is noted (page 249) that “no ready-made fixes currently exist”. The authors offer, however, some 
useful suggestions. Charles Ragin has also attempted to address this problem through his PRI 
measure of consistency (see page 46 of Ragin et al, 2008, re the pre measure2). In our 2011 analysis 
we saw the problem as more fundamental (see below).  Whether this problem is fully soluble, or 
can only be alleviated (see Cooper & Glaesser, 2011, for some further suggestions), remains a key 
issue for all those, including ourselves, employing fsQCA.  
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In a recent paper reviewing an fsQCA-based study of educational inequality in Germany (Cooper 
& Glaesser, 2011), we addressed some of the problems that can arise when fuzzy set theory is used 
to ground claims about sufficiency and necessity. In particular, we discussed logically paradoxical 
results and ways that their effects might be alleviated. The study we discussed (Freitag & Schlicht, 
2009) was based on a small population, the 16 German Länder. We noted that some conjunctions 
of conditions studied by Freitag and Schlicht were sufficient for both their outcome (high social 
inequality in education) and its negation3, and discussed why. This work has made us aware that 
there does not seem to be a systematic treatment in the fsQCA-based social science literature of 
the paradoxical results that can arise in the context of fuzzy logic. In this paper we will begin to 
develop a framework for understanding these paradoxes and then illustrate how it can be applied, 
but this time in the context of the use of fsQCA with large datasets in such work as: Ragin (2008, 
chapters 10-11); Cooper (2005); Cooper & Glaesser (2010/2012). In this abstract we will sketch 
our framework. In the paper itself we will use it to undertake some reanalyses of these three 
studies4, in order to ascertain the extent to which their substantive findings are threatened by the 
paradoxes problem. We will consider whether and, if so, how paradoxical results might, at least 
sometimes, be avoided.  

                                                           
1
 Organising team Prof. Dr. Betina Hollstein, Dr. Claudius Wagemann, Dr. Jörg Raab. 

2 User’s Guide To Fuzzy-Set / Qualitative Comparative Analysis, 

http://www.u.arizona.edu/~cragin/fsQCA/download/fsQCAManual.pdf downloaded 14/11/12. 
3 Negation is usually conceived of as the absence of the condition. Freitag and Schlicht, however, term this negation “low social 
inequality”.  It is not, however, the case that the absence of “high inequality” implies “low inequality”.  
4 Charles Ragin has kindly provided us with the calibrated data used in his 2008 book.  

http://www.compasss.org/files/Hamburg.pdf
http://www.u.arizona.edu/~cragin/fsQCA/download/fsQCAManual.pdf


 
2 

 

 

Understanding fuzzy paradoxes 

Given a dataset with a fuzzy (simple5) condition x and a fuzzy outcome y, what questions can we 
ask? What paradoxes, from the perspective of classical logic, arise? We will use Figure 1 and Table 
1 as the initial basis for our discussion. Figure 1 shows four distinct regions in the x-y plane where 
cases can be located as a function of their x,y values. Table 1 sets out the various interrelated 
relations of sufficiency and necessity for which we can test, referring back to Figure 1 in its last 
column. (We use ~ to indicate a negated set, i.e. ~x = not x.) 
 

 

Row 
id. 

Relation Test for 
consistency 
(simplest6) 

Regions in which 
this relation is 
satisfied7. 

1 Is x sufficient for y? x <= y A+D 

2 Is ~x necessary for ~y? ~y <= ~x A+D 

3 Is ~x sufficient for y? ~x <= y C+D 

4 Is x necessary for ~y? ~y <= x C+D 

5 Is x sufficient for ~y? x <= ~y A+B 

6 Is ~x necessary for y? y <= ~x A+B 

7 Is ~x sufficient for ~y? ~x <= ~y B+C 

8 Is x necessary for y? y <= x B+C 
 

Figure 1: Four key regions on a graph 
for two fuzzy sets x, y 

 

    

 Table 1: Eight relations of sufficiency and necessity invoking x, y, ~x, ~y 

 

Note, first of all, that there are pairs of rows here that share the regions in which their tested 
relation is satisfied. This is because, in classical (crisp) logic, we can derive a necessity statement 
from a sufficiency one and vice versa. For example, if we have x is sufficient for y (row 1), then to 
have ~y appear we will need ~x, and so ~x is necessary for ~y (row 2). This table enables us to 
identify possible paradoxes. For example, the region A appears not just in the logically linked pair 
of rows 1 and 2, but also in the logically linked pairs of rows 5 and 6, and this will be seen to 
generate a paradox. Why? Consider 1 and 5, the two relations of sufficiency. In region A both pass 
the test, i.e. x is sufficient for y and, at the same time, x is sufficient for ~y. This is a paradoxical 
result since it forces us to predict that, given x, both the outcome and its negation will occur. 
Pictorially (see Figure 2), we can see that the two sufficiency statements, from the point of view of 
classical logic, produce something we can't properly draw in a Venn diagram since the set x needs 
to be in two incompatible places at once (given that, for sufficiency, the condition must be a subset 
of the outcome). 

 
 

 
Figure 2: In region A x is supposedly  
sufficient for both ~y and y 

 
Figure 3: In region A ~x is supposedly  
necessary for both y and ~y 

 

 

                                                           
5 By “simple” we mean non-conjunctural, but our discussion could easily be reworked with x as a conjunction of conditions. 
6 More sophisticated tests do not avoid the problems we discuss here. See Cooper & Glaesser (2011) for a discussion. 
7 The diagonal lines form part of these regions. 
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In classical logic we'd expect something we’ve found about 1 and 5 to also apply to the linked 
statements 2 and 6. The latter say that ~x is necessary for both ~y and y. We can explore the 
implications of statements 2 and 6 by looking at Figure 3. This shows both y and ~y as subsets of 
~x, as is required by statements 2 and 6 re necessity8. We can see that, from the point of view of 
classical logic, there can be no cases from y or ~y appearing in x. But, since everything, classically, 
is y or ~y, there can therefore be no cases appearing in x9. Every case must be ~x. So, the 
necessary condition ~x is always, trivially, satisfied for both of y and ~y.  

 

In Table 2 we set out some paradoxes that can be derived from exploring Table 1. For an 
illustration, we can look at the 5, 7 paradox for sufficiency (linked logically with the 8, 6 paradox re 
necessity). The necessity pair (8, 6) says that, in region B, both x and ~x are necessary for y. 
Classically, we can't have both x and ~x at the same time, and so y can never occur10! If y can never 
occur, then the sufficiency statements (5, 7) are trivial, since everything is ~y.  

 

Table 2: some paradoxes 

Some possible paradoxes 
(pairs of rows) 

Graph region 
showing paradox 

Verbal statement 

1,5 A x is sufficient for both y and ~y 

6, 2 A ~x is necessary for both y and ~y 

5, 7 B x and ~x are both sufficient for ~y 

8, 6 B x and ~x are both necessary for y 

3, 7 C ~x is sufficient for both y and ~y 

8, 4 C x is necessary for both y and ~y 

1, 3 D x and ~x are both sufficient for y 

4, 2 D x and ~x are both necessary for ~y 
 

What this exercise shows is that there is a fundamental problem associated with the use of fuzzy 
set QCA, one that arises from problems in fuzzy logic (at least when seen from the perspective of 
classical logic). Every single relation that we can explore, given x and y, is subject to a paradox 
somewhere in the x, y plane (as can be seen from the fact that all the rows of Table 1 appear in 
Table 2.   

 

In the paper we will consider the implications of these paradoxes for the previously published 
work referred to in our opening paragraph, and also begin to evaluate some proposals for 
mitigating their consequences. 
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