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Abstract

This paper generalizes the habit formation definition in order to admit deep changes in
the habits. More precisely, our analysis focuses on the consequences in terms of balanced
growth path and transitional dynamics of an endogenous growth model where the habit
stock may depreciate following different profiles, from an exponential decay to a one-hoss
shay depreciation. Deep differences emerge according to the assumptions on the persistence,
intensity and length of the habits and then on the depreciation profile. The key analytical
relations among these parameters and their effects in term of short run and long run dynamics
are exploited as well as the mechanism which may trigger endogenous fluctuations in the
economy. The possibility of interior and corner solutions and their welfare implications are
also investigated once the utility is assumed non separable and subtractive in consumption
and habit. Finally our generalization of the habit stock can be used to check the robustness
of the results in terms of the dynamics and growth rate of the economy obtained with the
standard, more specific, habits stock definition.
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1 Introduction

Habit formation models have attracted more and more interest in many macroeconomic areas
since the seminal contribution of Ryder and Heal [21]. In that article, the authors analyzed
for the first time how the transitional dynamics of an optimal growth model can be affected by
the changes over time in the customary consumption levels.1 In order to study this fact, the
individual satisfaction has to depend, as suggested by Duesenberry [13] among others, not only
on current consumption but also on how current consumption compares with the consumption
levels experienced in the past (internal habit) and/or on the consumption of a reference group
(external habit). Ryder and Heal focused on the former while, later, several contributions as
Abel [1] and Campbell and Cochrane [9] have investigated models with external habit formation
and argued how this feature may help explain the equity premium puzzle. More recently, Carroll
et al. [12], Alonso-Carrera et al. [3], and Alvarez-Cuadrado et al. [4] have studied in different
settings how habit formation, external and/or internal, may influence the impact of structural
changes on the evolution of an economy.

The habit stock usually considered in this literature is a weighted average of the represen-
tative past consumption levels, with weights declining exponentially into the past. According
to this specification, habits are formed over a composite consumption good, their intensity and
persistence have the same value and the time horizon over which are specified is the infinite
past.2 To the best of our knowledge, the only exception is Ravn et al. [20] where the definition
of habit stock is generalized by assuming habits formed over individual varieties of goods in order
to reproduce, through these “deep habits”, empirically plausible counter-cyclical markups.

The objective of this paper is to generalize the habit specification from a different perspective.
Habits are formed over a composite consumption good as usual but now we admit different values
for the intensity and persistence of the habit (section 3) and a finite time horizon over which the
habits are formed (section 4). By doing that we allow for a richer variety of depreciation profiles
including a one-hoss shay depreciation as defined in Benhabib and Rustichini [7] in a vintage
capital context. This generalization is relevant for at least two reasons. The first reason is that,
“deep changes in the habits” can be considered because the habits stock in two sufficiently far
dates can be now completely unrelated due to the possibility of full depreciation. This new
feature of the model allows to study several interesting cases as for example how an economy
with an immortal family whose members are altruistic individuals having a finite life length
and habit, behaves (see for example Barro and Sala-i-Martin [5], page 86). The second reason
is that our specification admits as a limit case the exponential decay and then it provides a
natural test for checking the “robustness” in term of transitional dynamics and growth rate
of the economy for the standard habit formation models. It is indeed worth noting that the
literature on habit formation has always remained agnostic on the source of the habits while
their presence in the households’ utility function and how they depreciate over time, are usually

1The rising of an Hopf bifurcation was investigated in the same setting by Benhabib [6].
2The analytical expression of the habit stock is h(t) = ρ

∫ t

−∞ c̃(u)eρ(u−t)du where c̃(u) = c(u) in the internal

case, and c̃(u) = c̄(u) in the external case, with c̄(u) the average consumption of the reference group, and ρ the

persistence and intensity of habits.
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relied on psychological or sociological arguments (see for example Campbell and Cochrane [9],
page 208).3 Then it seems reasonable to take into account how a broader definition of the habit
stock may affect the predictions of the commonly used habit formation models.

One of the main finding of this paper is that different depreciation profiles of the external
habit stock once embedded in a simple endogenous growth model with linear technology may
deeply change the transitional dynamics and the balanced growth path of the economy. It is
indeed shown that the growth rate of the economy can be enhanced or reduced according to the
assumptions on the persistence, intensity and length of the habits. Explicit conditions on these
parameters are found and their effects on the growth rate of the economy studied. Moreover the
presence of a finite length of the habit is always associated with the presence of fluctuations in
the economy; the periodical and full depreciation of the habits induces an oscillatory behavior
which is transmitted through consumption to all the other aggregate variables of the economy
like capital, and output. This result enlightens a demand side channel through which endoge-
nous fluctuation may arise in a simple endogenous growth model with linear technology as an
alternative to other supply side sources of endogenous fluctuation like vintage capital, recently
investigated in a similar setting by Boucekkine et al. [8].

Finally a side contribution of the paper is to fully develop the conditions for the existence
of an interior solution in the case of external habit formation and non separable utility function
having subtractive form. Moreover once the interior and corner solution are derived through
the Kuhn-Tucker conditions of the representative consumer’s problem, it emerges that none of
them can lead to infinite negative utility, as for example stated in Caroll [11], but zero utility
can be an optimal corner solution.

The paper is organized as follows. In Section 2, the model setup is presented and several
considerations on the broader definition of habit stock and on the specification of the utility
function proposed. A benchmark model with different values of the intensity and persistence
of the habits studied analytically and some simulations on the results presented in Section 3;
the next Section focuses on the broader definition of habit stock and it shows the implications
in term of the balanced growth path and transitional dynamics of an economy characterized by
low or high level of technology. Section 5 concludes.

2 Model setup

Consider a standard neoclassical growth model, where the economy consists of a continuum of
identical infinitely lived households, and firms. The representative atomistic agent’s objective
is to maximize over time the discounted instantaneous utility, u(c(t), h(t)), which depends on
current consumption, c(t), and on an external habit component, h(t):

U ≡ max
∫ ∞

0
u(c(t), h(t))e−ρtdt. (1)

3To the best of our knowledge, Chetty and Szeidl “Consumption Commitments: A Foundation for Reference-

Dependent Preferences and Habit Formation” is the only very recent attempt to endogenize the habit formation

process.
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The habit component is an exponentially-weighted index of the economy past average consump-
tion rates, c̄(.):

h(t) = ε

∫ t

t−τ
c̄(u)eη(u−t)du (2)

where η measures the persistence of the economy past average consumption on current utility, ε

the intensity of habits, while τ the relevant (possible finite) period where the habit are formed.
This definition of habit stock generalizes the one commonly used which can be obtained by
choosing τ → +∞ and ε = η. Moreover as soon as τ is finite the initial condition of the habit
h0 takes the form of an initial history of habit, h0(t) with t ∈ [−τ ; 0], which is assumed to be a
continuous positive real-valued function.

The instantaneous utility function may have different functional forms (see for example Ryder
and Heal [21]), but the recent literature has focused mainly on the nonseparable subtractive
form u(c(t), h(t)) = v(c(t) − h(t)) and on the nonseparable multiplicative form u(c(t), h(t)) =
v

(
c(t)

h(t)α

)
, where the non-separability is empirically confirmed by Fuhrer [15]. In this paper we

decide to use the former since simplifies considerably the analytical derivation of the solution of
the problem, especially in the case τ finite. Following Campbell and Cochrane [9], and Chapman
[10], we assume that the utility function is given by:

u(c, h) =
(c(t)− h(t))1−γ − 1

1− γ
, (3)

for c(t) ≥ h(t) and γ > 0. Observe that c(t) < h(t) cannot be always handled because the utility
function is not well defined for some choices of γ.4 Moreover c(t) > h(t) is also the necessary and
sufficient condition for the concavity of the utility function. Finally the instantaneous utility
function (3) can be seen as a Stone-Geary utility function but with an endogenous and time
varying subsistence level of consumption, h(t).5

In the following section, a benchmark model with τ → +∞ and ε 6= η will be presented
and the consequences in term of growth rate and transitional dynamics of the economy fully
developed. Later, we will admit finite values of τ and we will study how the results of the
benchmark model will be modified by the choice of τ . As anticipated in the introduction the
possibility of a finite τ and of different values for the persistence and intensity of the habit let
us to study several depreciation profiles of the habit stock and how they change the dynamics
of the economy. Following Benhabib and Rustichini [7], among the depreciation profiles which
can be studied in our context there is the exponential decay with habit stock lasting τ periods
(τ finite and η 6= 0), and the one-hoss shay (τ finite and η = 0).

3 A benchmark model

The decentralized economy is described by the optimizing behavior of all the agents which leads
to a suboptimal competitive equilibrium for the economy since habits are not internalized. Let’s
start with the representative household’s problem:

4For example, if γ = 1
2

the utility function has no real value; if γ = 2
3

we may have infinite negative utility as

soon as consumption and the habit index grows at the same rate.
5For a clear characterization of the same model with h(t) = c̄ see Strulik [22]
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max
c(t),a(t)

∫ ∞

0

(c(t)− h(t))1−γ − 1
1− γ

e−ρtdt

s.t. ȧ(t) = r(t)a(t) + w(t)− c(t)

h(t) = ε

∫ t

−∞
c̄(u)eη(u−t)du

a(t) ≥ 0, h(t) ≥ 0, c(t) ≥ h(t)

a(0) = a0

where a (.) , w (.) and r (.) are C1 functions which stands respectively for individual wealth, wage
and interest rate. From the present value Hamiltonian

H =
(c(t)− h(t))1−γ − 1

1− γ
+ ψ(t)[r(t)a(t) + w(t)− c(t)] + ω1 (t) a (t) + ω2(t) (c (t)− h (t))

the following first order conditions can be obtained

(c(t)− h(t))−γ = ψ(t)− ω2(t) (4)

ψ̇(t) = ψ(t)(ρ− r(t))− ω1(t) (5)

while the complementary slackness conditions6 are

ω1(t) ≥ 0, a (t) ω1 (t) = 0

ω2 (t) ≥ 0, (c (t)− h (t))ω2 (t) = 0

Then the household’s optimal behavior can be summed up in the following system after inte-
grating equation (5) and substituting the resulting ψ(t) in equation (4):

c(t) =
(

ψ(0)e
∫ t
0 ρ−r(u)du −

∫ t

0
ω1 (u) e

∫ u
0 ρ−r(z)dzdu− ω2(t)

)− 1
γ

+ h(t) (6)

h(t) = ε

∫ t

−∞
c̄(u)eη(u−t)du (7)

ȧ(t) = r(t)a(t) + w(t)− c(t) (8)

Moreover a no-Ponzi game condition is assumed in order to rule out chain-letter possibilities in
the credit market

lim
t→∞ a (t) e−

∫ t
0 r(u)du ≥ 0

Before explaining the supply side of the economy, it is worth noting that the constraint on the
control is equivalent to the condition ψ(t) ≥ ω2(t), and that the positiveness of a(t) is respected
under some restrictions on the initial conditions.

Lemma 1 A sufficient condition for the existence of a control which guarantees a(t) ≥ 0 for
any t ≥ 0 is a0 ≥

∫∞
0 h(u)e−

∫ u
0 r(z)dzdu.

6El Hodiri et al. [14] were probably the first to provide first order necessary conditions for optimality in

problems with control set not fixed, by generalizing the Halanay’s theorem [16]. The same condition can be

obtained from optimization by vector space methods as shown by Luenberger [19], page 234.
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Proof. Let us consider ã (t) , such that ã (0) = a0 and ã (t) solves

dã (t)
dt

= r (t) ã (t)− h (t) (9)

As dã(t)
dt > da(t)

dt , and a (0) = ã (0) , then ã (t) ≤ a (t). But solving equation (9) yields to

ã (t) = a0e
− ∫ t

0 r(u)du−∫ t
0 h (z) e−

∫ t
z r(u)dudz. If a0 ≥

∫ t
0 h (z) e−

∫ 0
z r(u)dudz, for all t, then ã (t) ≥ 0.

As t 7→ ∫ t
0 h (z) e−

∫ 0
z r(u)dudz, is an increasing function in t, if a0 ≥

∫∞
0 h (z) e−

∫ 0
z r(u)dudz, then

ã (t) ≥ 0 for all t.

Finally the supply side of the economy is quite standard since the representative firm max-
imizes its profit function under a linear technology constraint. Then the rental rate of capital
will be constant over time, R(t) = A, and the wage equals to zero. A slightly variation of the
AK model with human and physical capital, as proposed by Acemoglu [2], leads to the same
main results as the standard AK model and for this reason is not presented here.

3.1 The general equilibrium

In this section, the general equilibrium for this economy is defined taking into account the
household’s problem, the firm’s problem, the no arbitrage condition, r(t) = A − δ, and the
market clearing condition a(t) = k(t).

Definition 1 A general equilibrium path is any trajectory {ψ(t), k(t), h(t)}∞t=0 which solves

ψ(t) = ψ(0)e(ρ+δ−A)t −
∫ t

0
ω1(u)e(ρ+δ−A)udu (10)

k̇(t) = (A− δ)k(t)− (ψ(t)− ω2(t))
− 1

γ − h(t) (11)

ḣ(t) = (ψ(t)− ω2(t))
− 1

γ + (ε− η)h(t) (12)

subject to (i) the initial condition of capital, k(0) = k0, (ii) the initial condition of habit, h(0) =
h0, (iii) the transversality condition limt→∞ k(t)e(A−δ)t = 0, and (iv) satisfying k (t) ≥ 0 and
ψ(t) ≥ ω2(t).

Moreover to simplify the notation, we will assume a priori that the control is interior and
the state constraint is satisfied, that is ω1 = ω2 = 0. Then we will identify a posteriori what
are the restrictions to be imposed so that these constraints really hold. Following this strategy,
we may rewrite the system of three equations (10), (11), and (12) describing our economy, as
follows:

ϕ(t) = ϕ(0)eΓt (13)

k̇(t) = (A− δ)k(t)− ϕ(0)eΓt − h(t) (14)

ḣ(t) = εϕ(0)eΓt + (ε− η)h(t) (15)

where Γ = 1
γ (A − δ − ρ), and ϕ(t) = ψ(t)

−1
γ ; moreover ϕ(0) has to be chosen in order to rule

out the transversality condition stated before, and it has to be greater or equal to zero since
the constraint ψ(t) ≥ ω2(t) has now become ϕ(0)eΓt ≥ 0. This means that, when a(t) > 0,
the general equilibrium path of consumption is c(t) = h(t) + ϕ̃0e

Γt if ϕ̃0 > 0, and c(t) = h(t)
otherwise, where ϕ̃0 indicates the value of ϕ(0) ruling out the transversality condition.

6



Proposition 1 A unique balanced growth path exists if and only if k0 > h0
1

A−δ−ε+η , with g =
max(ε− η, Γ) the asymptotic growth rate of the economy.

Proof. Since the equations describing the general equilibrium of the economy are linear, we can easily
obtain explicit expressions of k(t) and c(t), that is

c(t) = e(ε−η)t

(
h0 +

εϕ0

ε− η − Γ

)
+ ϕ0e

Γt

(
η + Γ

Γ− ε + η

)
(16)

and

k(t) =
[
k0 − h0

A− δ − ε + η
− (A− δ + η)ϕ0

(A− δ − ϕ + η)(A− δ − Γ)

]
e−(A−δ)t

+
1

A− δ − ε + η

(
h0 +

εϕ0

ε− η − Γ

)
e(ε−η)t − (η + Γ)ϕ0

(ε− η − Γ)(A− δ − Γ)
eΓt

Condition A − δ > max(ε − η, Γ) guarantees a positive consumption over capital ratio in the long run:
limt→+∞

c(t)
k(t) = A − δ − max(ε − η, Γ) > 0. Taking into account this fact we can determine the ϕ(0)

which rules out the transversality condition:

ϕ̃0 =
(ε− η −A + δ) (Γ−A + δ)

(A− δ + η)

(
k0 + h0

1
ε− η −A + δ

)
(17)

Observe that ϕ̃0 = ϕ̃0(k0, h0; Ξ), with Ξ a vector of the economy’s parameters, is positive if and only
if k0 > h0

1
A−δ−ε+η ; moreover under this condition the constraint c(t) > h(t) is always satisfied. The

general equilibrium path of capital is

k(t) =
(

h0 +
εϕ̃0

ε− η − Γ

)
e(ε−η)t

A− δ − ε + η
+ ϕ̃0

(
η + Γ

(ε− η − Γ)(Γ−A + δ)

)
eΓt (18)

It remains to check the positivity of k(t). The sign of k(t) is indeed the same as the sign of k̂(t) =
k(t)e−(ε−η)t and since k̂(0) = k0 > 0 and dk̂(t)

dt > 0 then k̂(t) is always positive which implies k(t)
positive. The positiveness of c(t) during the transition toward the balanced growth path can be verified
easily taking into account that c(t) = h(t) + ϕ̃0e

Γt.

The economy has a unique balanced growth path and the transitional dynamics toward the
asymptotic growth rate of the economy is not oscillatory as appears clear from equations (16)
and (18) independently by the choice of the parameters. However the asymptotic growth rate
will crucially depend on the difference between the intensity and the persistence of the external
habits. If this difference is sufficiently large to exceed the growth rate of the standard AK model,
Γ, then the asymptotic growth rate of the economy will be equal to ε−η. The individuals decide
to under-consume in the first periods and, by pushing up the investment, to accumulate more
capital than in a standard AK model without habit formation; in this way the higher growth rate
can be sustained. This effect has been shown in Figure 1, where we have compared the general
equilibrium path of several aggregate variables, obtained by solving a standard AK model and
our model given an identical initial capital stock and assuming that the difference between the
intensity and the persistence of habit exceeds Γ. During the transition toward the asymptotic
growth rate of the economy, the consumption decisions of the agents are exactly the opposite of
those predicted by an AK model with habit formation but asymptotic growth rate equals to Γ.
In fact, in this last case, the representative agent over-consumes in the first periods as appears
in Figure 2. Another consideration which follows from Proposition 1, is that a balanced growth
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path may exists even if the level of technology is sufficiently low to do not trigger a positive
growth rate in the AK model without habit formation. In particular as soon as the intensity of
the habits are in the parameters region ε ∈ (η, A − δ + η), an asymptotic positive growth rate
of the economy exists even if Γ ≤ 0.

Finally the inter-temporal problem has a corner solution when k0 < h0
ϕ−η−A−δ . In this case

ϕ̃0 is less than zero and then in order to satisfied the constraint on the control set we impose
ϕ0 = 0 which will implies the corner solution c(t) = h(t) and k(t) = h0

e(ϕ−η)t

A−δ−ϕ+η .

4 The general model

In this section, the broader definition of habit stock (2) is introduced and its implications on
the endogenous growth path and on the rising of aggregate fluctuations studied. We start by
re-defining the general equilibrium path of the economy when the external habit formation is so
modified.7

Definition 2 A general equilibrium path is any trajectory {ϕ(t), k(t), h(t)}∞t=0 which solves

ψ(t) = ψ(0)e(ρ+δ−A)t −
∫ t

0
ω1(u)e(ρ+δ−A)udu (19)

k̇(t) = (A− δ)k(t)− (ψ(t)− ω2(t))
− 1

γ − h(t) (20)

h(t) = ε

∫ t

t−τ

[
h(u) + (ψ(u)− ω2(u))

−1
γ

]
eη(u−t)du (21)

subject to (i) the initial condition of capital, k(0) = k0, (ii) the past history of habit, h0(t),
t ∈ [−τ, 0], and (iii) the transversality condition limt→∞ k(t)e(A−δ)t = 0 and (iv) satisfying
k (t) ≥ 0 and ψ(t) ≥ ω2(t).

As explained at the beginning of Section 2, the initial (unspecified) continuous function of
the habit stock, h0(t) with t ∈ [−τ, 0], replaces the usual initial condition, h(0) = h0; as a
consequence the past history of consumption, namely c(t) ∈ [−2τ, 0) is known, but not c(0) = c0

whose value will be determined later by choosing the unique ψ(0) that satisfies the transversality
condition and pins down the unique balanced growth path of the economy. Moreover, we will
check a posteriori, as done for the benchmark model, that the inequality constraints are satisfied.
If we focus on the interior solution, then ω1 = ω2 = 0, and the system of equations (19), (20),
and (21) can be rewritten as follows:

k̇(t) = (A− δ)k(t)− ϕ(0)eΓt − h(t) (22)

h(t) = ε

∫ t

t−τ
(ϕ(0)eΓu + h(u))eη(u−t)du (23)

once the solution of equation (19) is used in the other two equations, and, as before, ϕ(0) =
ψ (0)

−1
γ , and Γ = 1

γ (A − δ − ρ). Exactly as in the benchmark model the inequality constraint

7The procedure to arrive to this definition is quite similar to that one proposed for the case τ = +∞ and a

modified version of the Maximum Principle still holds as proved for example in Kolmanovskii and Myshkis [17].
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c(t) ≥ h(t) will be checked ex post by verifying that ϕ(0) ≥ 0. Equation (23) is now a non-
autonomous algebraic equation in h(.) only, which can be solved and used in the capital accu-
mulation equation in order to derive a solution for the level of capital. Studying the algebraic
equation (23), means first of all analyzing the properties of its spectrum of roots. This infor-
mation will be indeed fundamental in order to find the growth rate of consumption and later
the balanced growth path of the economy. In subsection 4.1 and 4.2 all the results refer to the
interior solution of the model, while in subsection 4.3 the possibility of corner solutions will be
discussed.

4.1 The growth rate of consumption

In the standard AK model without external habit formation a positive growth rate of consump-
tion rises only when the level of technology, A, is higher than a threshold, Â, equals to the sum
of the inter-temporal preference discount rate and the depreciation rate of capital. According
to the definition of Γ:

A > Â = δ + ρ ⇔ Γ > 0 (24)

If this condition is not met, then the economy shrinks over time. However this result can be
broken down, as shown in Section 3, if an external habit component is introduced and the
difference between the intensity and the persistence of habits is positive. Moreover we have also
shown that, even if relation (24) holds, the asymptotic growth rate of the economy is ε− η > 0
when its value is greater than Γ, and how the economy converges over time to its balanced
growth path. In this section, we move forward and we show how the consumption’s growth rate
may be affected by assuming a finite τ , and then, how different depreciation profiles may affect
the results explained in the previous section. In order to present more clearly the results, we
have decided to study separately the low technology case, A < Â, and the high technology case,
A > Â.

Low technology level

We assume in this subsection that A < Â, that is, using relation (24) that Γ < 0. According
to Proposition 1, a positive growth rate of consumption may still hold in an AK model with
external habit, when ε − η > 0. Our question is how the different depreciation structure of
habits with τ finite, may modify this result. In order to check for this possibility, we start by
studying the algebraic equation

z(t) = ε

∫ t

t−τ
z(u)eη(u−t)du (25)

which can be obtained by equation (23) once the following change of variable

z(t) = h(t)− eΓtϕ0θ1, with θ1 =
ε1−e−(Γ+η)τ

Γ+η

1− ε
(

1−e−(Γ+η)τ

Γ+η

) (26)

is considered (computational details are reported in the Appendix, Lemma A). This change of
variable let us to work on the autonomous equation (25) which is easier to study than equation
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(23). The growth rate of consumption depends on the growth rate of h(t) and then of z(t).
Investigating the last one means to study the characteristic equation of (25), namely

∆(λ) = 0 with ∆(λ) = −1 + ε

∫ 0

−τ
e(λ+η)udu (27)

The properties of its spectrum of roots is reported in the following lemma.

Lemma 2 The spectrum of roots of (27) has a leading real root, α∗, which is positive if and
only if

ε > η and τ > τ∗ with τ∗ = − log
(
1− η

ε

)

η

Moreover α∗ is an increasing function of τ and it converges to ε−η, as soon as τ goes to infinity.

Proof. Since ∆
′
(λ) = ε

∫ 0

−τ
ue(λ+η)udu < 0, limλ→−∞∆(λ) = ∞, and limλ→∞∆(λ) = −1 then a

unique real root, α∗, always exists, and its sign is given by the sign of ∆(0) = −1 + ε
η (1 − e−ητ ). Then

after some algebra, α∗ > 0 if and only if ε > η and τ > τ∗ with τ∗ = − log(1− η
ε )

η . We now prove that the
real root is the leading root, namely α∗ > p with λ = p + iq any complex root of ∆(λ) = 0.

|∆(p + iq)| >
∣∣∣∣ε

∫ 0

−τ

e(λ+η)udu− 1
∣∣∣∣

If p > α∗, then ∆(λ) < 0 which implies
∣∣∣−1 + ε

∫ 0

−τ
e(λ+η)udu

∣∣∣ = 1− ε
∫ 0

−τ
e(λ+η)udu and then

|∆ (p + iq)| > 1− ε

∫ 0

−τ

e(p+η)udu > 0

Finally the real root, α∗, solves ε
∫ 0

−τ
e(α∗+η)udu = 1. Using implicit function theorem, we have

dα∗
dτ

= − e−(α∗+η)τ

∫ 0

−τ
ue(α∗+η)udu

> 0

When τ tends to infinity, the real root solves ε
∫ 0

−∞ e(α∗+η)udu = 1. This implies that ε = η + α∗. It is

also worth noting that as α∗ is defined by −1 + ε
∫ 0

−τ
e(α∗+η)udu = 0, then from the implicit functions

theorems
dα∗

dη
= −1 and

dα∗

dε
=
− ∫ 0

−τ
e(α∗+η)udu

ε
∫ 0

−τ
ue(α∗+η)udu

Taking into account these information on the spectrum of roots of the characteristic equation
(27) and the relations (26), and (4), which link respectively the variable z(t) with h(t) and h(t)
with c(t), we may derived the following result on the growth rate of aggregate consumption.

Proposition 2 Let’s assume that ε > η, and τ > τ∗ then

c(t) = ϕ0e
Γt (1 + θ1) + z0e

α∗t + χ (t) , (28)

with limt→∞ χ(t)e−α∗t = 0, and α∗ the asymptotic positive growth rate of h(t) and c(t).

11



Proof. As h(t) = z(t) + eΓtϕ0θ1, and c(t) = eΓtϕ0 + h(t) it follows immediately from assumption
Γ < 0, that limt→∞ ż

z = limt→∞ ḣ
h = limt→∞ ċ

c . In order to determine the growth rate and the solution
of z(t), we apply the Laplace transform L(λ) =

∫∞
0

e−λtz(t)dt, on equation z(t) = ε
∫ t

t−τ
z(u)eη(u−t)du.

Thus

L(λ) = ε

∫ ∞

0

e−λt

∫ 0

−τ

z(u + t)eηududt

= ε

∫ 0

−τ

eηu

∫ ∞

0

e−λtz(u + t)dtdu

= ε

∫ 0

−τ

e(η+λ)u

(∫ 0

u

e−λtz(t)dt + L (λ)
)

du

So L(λ)
(
1− ε

∫ 0

−τ
e(η+λ)udu

)
= ε

∫ 0

−τ
e(η+λ)u

(∫ 0

u
e−λtz(t)dt

)
du. Using inverse Laplace transform, and

the result in Lemma 2, the solution admits for representation, for t > 0

z (t) = z0e
α∗t + χ(t) (29)

where χ(t) = 1
2iπ

∫
L(γ)

eλtF (λ) dλ with γ > sup {Re (λ) < α∗, det (∆ (λ)) = 0}, L (γ) = {λ ∈ C, Re (λ) = γ}
and with F (λ) = −ε∆(λ)−1

(∫ 0

−τ
e(η+λ)u

(∫ 0

u

(
h (µ)− eΓµϕ0θ1

)
e−λµdµ

)
du

)
. Finally, z0 can be ob-

tained by using the Residue formula resλ=α∗e
λtF (λ) = z0e

α∗t,

z0 = −εH (α∗)
(∫ 0

−τ

e(η+α∗)u
(∫ 0

u

(
h (µ)− eΓµϕ0θ1

)
e−α∗µdµ

)
du

)
(30)

where H (α∗) = limλ→α∗ (λ− α∗) δ (λ)−1. Now since the arguments of the integrals are continuous
functions we may use Fubini’s theorem to change the order of integration, and rewriting z0 as follows:

z0 = −εH(α∗)
[∫ 0

−τ

h (µ) e−α∗µ

(∫ µ

−τ

e(η+α∗)udu

)
dµ− ϕ0

(∫ 0

−τ

e(η+α∗)u
∫ 0

u

e(Γ−α∗)µdµdu

)]
(31)

= −εH(α∗)




1
η+α∗

∫ 0

−τ
h (µ) eηµdµ− e−(η+α∗)τ

η+α∗
∫ 0

−τ
h (µ) e−α∗µdµ

− ϕ0θ1
(Γ−α∗)

(
1−e−(η+α∗)τ

(η+α∗) − 1−e−(Γ+η)τ

(Γ+η)

)

 (32)

As c (t)= ϕ0e
Γt (1 + θ1)+z (t) and as z (t) is defined with equation (29) with limt→∞ χ(t)e−α∗t = 0,

then we have the stated result.

As appear clear from relation (32), z0 is a function of the initial history of habit and ϕ0,
namely z0 = z0(h0(t), ϕ0; Ξ) with Ξ vector of exogenously given parameters. It will be indeed
shown in Subsection 4.3 that one of the conditions for having a nontrivial interior solution is to
specify the initial function of the habit stock so that z0 > 0. Observe also that at this stage ϕ0

is not yet specified and then equation (28) is not the general equilibrium path of consumption;
it will become the general equilibrium path of consumption only after having determined the
ϕ0 = ϕ̃0 which make the transversality condition hold.

The introduction of a finite τ has a negative effect on the growth rate of consumption. In
fact a positive relation between τ and α∗ exists as shown in Lemma 2 and then a finite τ

determines a lower growth rate of consumption; even more a choice of τ sufficiently low may
reduce α∗ to be lower than zero and then aggregate consumption will shrink over time even
when the intensity exceeds the persistence of the habits. At the same time damping fluctuation
in aggregate consumption rises when τ is finite since the last term in equation (28), χ(t), is
spanned by the complex conjugate roots of the characteristic equation (27). Finally it can be
also observed that after some algebra the two limits

lim
t→∞ z0 = h0 − εϕ0

Γ + η − ε
and lim

τ→∞χ (t) = 0

12



hold and then we may read the results on the consumption growth rate in the benchmark model
as a particular case of this model.

Before presenting what are the implications of this result in terms of the other aggregate
variables’ growth rates and in terms of the possible transitional dynamics induced in the economy,
we will show in the next subsection the implication on the growth rate of consumption for the
high technology case.

High technology level

Let’s now study the other case, A > Â or Γ > 0. Under this circumstance, the standard AK
model predicts that all the aggregate variables will grow at the positive rate, Γ from t greater
than zero on. As explained in Section 4.1, the presence of the external habit component may
change this result when the difference between the intensity and the persistence of the habits,
ε− η, is greater than Γ. If this happens the growth rate of consumption will be no more Γ but
ε− η. In this subsection we want to study how this result can be affected by the assumption of
a different depreciation structure of the habit, which admits a finite value of τ . Let’s start, in
line with the previous subsection, by rewriting the algebraic equation (21) in term of the new

auxiliary variable x (t) = h(t)e−Γt − ϕ0θ1, where θ1 =
ε

Γ+η
(1−e−(Γ+η)τ )

(1−ε
∫ 0
−τ e(Γ+η)udu) :

x(t) = ε

∫ t

t−τ
x(u)e(Γ+η)(u−t)du (33)

Computational details can be easily deduced from previously as z(t) = x(t)eΓt. The growth rate
of consumption will depend now on the growth rate of h(t) and then of x(t). Investigating the
last one means to study the characteristic equation of (33), namely

∆(λ) = 0 with ∆(λ) = −1 + ε

∫ 0

−τ
e(Γ+λ+η)udu (34)

The properties of its spectrum of roots is reported in the following Lemma.

Lemma 3 The spectrum of roots of (34) has a leading real root, α∗, which is positive if and
only if

ε > Γ + η and τ > τ∗ with τ∗ = −
log

(
ε−Γ−η

ε

)

Γ + η

Moreover α∗ is an increasing function of τ and it converges to ε − Γ − η, as soon as τ goes to
infinity.

Proof. Since ∆
′
(λ) = ε

∫ 0

−τ
ue(Γ+λ+η)udu < 0, limλ→−∞∆(λ) = ∞, and limλ→∞∆(λ) = −1 then a

unique real root, α∗, always exists, and its sign is given by the sign of ∆(0) = −1 + ε
Γ+η (1 − e−(Γ+η)τ ).

Then after some algebra, α∗ > 0 if and only if ε > Γ + η and τ > τ∗ with τ∗ = − log( ε−Γ−η
ε )

Γ+η . We now
prove that the real root is the leading root, namely α∗ > p with λ = p+ iq any complex root of ∆(λ) = 0.

|∆(p + iq)| >
∣∣∣∣ε

∫ 0

−τ

e(λ+Γ+η)udu− 1
∣∣∣∣

If p > α∗, then ∆(λ) < 0 which implies
∣∣∣−1 + ε

∫ 0

−τ
e(λ+η)udu

∣∣∣ = 1− ε
∫ 0

−τ
e(λ+η)udu and then

|∆(p + iq)| > 1− ε

∫ 0

−τ

e(p+Γ+η)udu > 0

13



Finally, taking into account the definition of α∗, and α∗, it is immediate that

α∗ = α∗ − Γ

and then we can use lemma 2 to show that α∗ is an increasing function of τ and it converges to ε−Γ−η,

as soon as τ goes to infinity.

Taking into account these information on the spectrum of roots of the characteristic equation
(34), the definition of x(t) and relations (4), which links the variable h(t) to c(t), we may derived
the following results on the growth rate of aggregate consumption.

Proposition 3 Let’s assume that ε < Γ + η or ε > Γ + η and τ < τ∗, then

c(t) = ϕ0(1 + θ1)eΓt + σ2(t)eΓt,

with limt→∞ σ2 (t) eΓt = 0 and Γ the positive growth rate of h(t) and c(t).

Proof. By applying the Laplace transform L (λ) =
∫∞
0

e−λtx (t) dt on x(t) = ε
∫ t

t−τ
x (u) e(Γ+η)(u−t)du,

we have:

L (λ) = ε

∫ 0

−τ

e(Γ+η)u

∫ ∞

0

x (u + t) e−λtdtdu = ε

∫ 0

−τ

e(Γ+η+λ)u

(∫ 0

u

x (t) e−λtdt + L (λ)
)

du

and then

L (λ) = −ε∆(λ)−1
∫ 0

−τ

e(Γ+η+λ)u

(∫ 0

u

x (t) e−λtdt

)
du

By inverting the Laplace transform, the solution of x(t) for t > 0 is

x (t) =
−1
2iπ

∫

L(γ)

eλt∆(λ)−1

(
ε

∫ 0

−τ

e(Γ+η+λ)u

(∫ 0

u

x (µ) e−λµdµ

)
du

)
dλ

where γ > sup {Re (λ) , det (∆ (λ)) = 0} and L (γ) = {λ ∈ C, Re (λ) = γ}. Then, using the definition of
x(t), we may write the solution in term of h(t):

h(t)e−Γt = θ1ϕ0 + σ2(t)

where using the Residue formula

σ2(t) = − ε

2iπ

∫

L(γ)

eλt∆(λ)−1

(∫ 0

−τ

e(Γ−η+λ)u

(∫ 0

u

[(
h (µ) e−Γµ − θ1ϕ0

)]
e−λµdµ

)
du

)
dλ

From Lemma 3, we know that if Γ > ε − η > 0 or 0 < Γ < ε − η and τ < τ∗ then the real leading root
α∗ of the characteristic equation (34) is negative. Then taking into account that c(t) = ϕ0e

Γt + h(t) it
follows that

c(t) = ϕ0e
Γt (1 + θ1) + σ2 (t) eΓt.

with limt→∞ σ2 (t) eΓt = 0.

On the other hand, if the parameters relations in Lemma 3 hold then the solution of con-
sumption will be the following:

Proposition 4 Let’s assume that ε > Γ + η and τ > τ∗ then

c(t) = σ0e
t(Γ+α∗) + (1 + θ1)ϕ0e

Γt + χ2(t) (35)

with limt→∞ χ2 (t) e−(Γ+α∗)t = 0, and Γ + α∗ the positive growth rate of h(t) and c(t).
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Proof. The first part of the proof is identical to the one of Proposition 3 from which we get

h (t) e−Γt = θ1ϕ0 + σ2 (t)

According to lemma (3), since now Γ < ε− η and τ > τ∗ then the characteristic polynomial of x has now
a positive real leading root α∗. Using residue theorem, we obtain:

σ2 (t) = σ0e
α∗t +

1
2iπ

∫

L(γ′)
eλtF (λ) dλ

where γ
′
> sup {Re (λ) < α∗, det (∆ (λ)) = 0} and L (γ) = {λ ∈ C, Re (λ) = γ} where α∗ is the only pos-

itive root of ∆ (λ) = 0 and F (λ) = −ε∆(λ)−1
(∫ 0

−τ
e(Γ+η+λ)u

(∫ 0

u

[
h (µ) e−Γµ − θ1ϕ (0)

]
e−λµdµ

)
du

)
.

Residue formula enables to compute σ0, as resλ=α∗e
λtF (λ) = σ0e

α∗t, that is

σ0 = −εH1 (α∗)
(∫ 0

−τ

e(Γ+η+α∗)u
(∫ 0

u

[
h (µ) e−Γµ − θ1ϕ (0)

]
e−α∗µdµ

)
du

)
(36)

where H1 (α∗) = limλ→α∗ (λ− α∗)∆ (λ)−1. Using Fubini’s theorem we may rewrite σ0 as follows:

σ0 = −εH1 (α∗)
[∫ 0

−τ

h (µ) e−(Γ+α∗)µ
(∫ µ

−τ

e(Γ+η+α∗)udu

)
dµ− θ1ϕ0

∫ 0

−τ

e(Γ+η+α∗)u
(∫ 0

u

e−α∗µdµ

)
du

]

= −εH1 (α∗)




∫ 0

−τ
h (µ) eηµ

Γ+η+α∗
dµ−

(
e−(Γ+η+α∗)τ

Γ+η+α∗

) ∫ 0

−τ
h (µ) e−(Γ+α∗)µdµ

−θ1ϕ0

[
1−e−τ(Γ+η)

α∗(Γ+η) − 1−e−τ(Γ+η+α∗)
α∗(Γ+η+α∗)

]



Finally, given that
h(t) = ϕ0θ1e

Γt + σ0e
(Γ+α∗)t + χ2(t)

with χ2(t) = eΓt 1
2iπ

∫
L(γ′) eλtF (λ) dλ, and taking into account that c(t) = ϕ0e

Γt + h (t), then equation

(35) follows immediately. The end of the proof is based on the fact that χ2 (t) e−Γt = 1
2iπ

∫
L(γ′) eλtF (λ) dλ

has an asymptotic growth rate lower than α∗.

Observe that from the expression of σ0 found in the proof of this proposition, follows imme-
diately that σ0 = σ0(h0(t), ϕ0; Ξ) with Ξ vector of exogenously given parameters. In line with
what observed for the low technology case, also in this case it will be indeed shown in Subsection
4.3 that one of the conditions for having a nontrivial interior solution is to specify the initial
function of the habit stock so that σ0 > 0. Observe also that at this stage ϕ0 is not yet specified
and then equation (35) is not the general equilibrium path of consumption; it will become the
general equilibrium path of consumption only after having determined the ϕ0 = ϕ̃0 which make
the transversality condition hold. Finally as τ → +∞ we have that σ0 → h0− εϕ0

Γ+η−ε , while the
oscillatory component disappears limτ→∞ χ2 (t) = 0.

4.2 Balanced growth path and transitional dynamics

In this section we prove the existence and uniqueness of a balanced growth path, both for the
case of low and high technology. The strategy used in Proposition 5, and 6 is to use the relation
for consumption obtained in the previous section, substitute them into the capital accumulation
equation, solve the non-autonomous equation in capital and check the transversality condition.
By doing so, we will be able to find the initial condition ϕ0 which pins down the unique asymp-
totic growth rate of the economy. We start with the low technology case:

Proposition 5 Let’s assume that Γ < 0, ε − η > Γ and τ > τ∗, then the nontrivial interior
solution is so characterized:
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i) the growth rate of all the aggregate variables is α∗;

ii) the general equilibrium path oscillatory converges over time to the balanced growth path.

Proof. By substituting the equation of consumption (28) found in proposition (2), into the capital
accumulation equation and integrating it, we arrive to

k (t) = k0e
(A−δ)t −

∫ t

0

e−(A−δ)(u−t)
(
ϕ (0) (1 + θ1) eΓu + z0e

α∗u + χ (u)
)

du

Given the transversality condition limt→∞ k (t) e−(A−δ)t = 0, it must be that

k0 = ϕ0 (1 + θ1)
1

(A− δ − Γ)
+

z0

A− δ − α∗
+

∫ ∞

0

e−(A−δ)uχ (u) du (37)

where z0 and χ (u) have been defined in proposition (2) as

z0 = −εH (α∗)
(∫ 0

−τ

e(η+α∗)u
(∫ 0

u

(
h (µ)− eΓµϕ0θ1

)
e−α∗µdµ

)
du

)

with H (α∗) = limλ→α∗ (λ− α∗)∆ (λ)−1 and

χ(t) =
1

2iπ

∫

L(γ)

eλt

(
−ε∆ (λ)−1

(∫ 0

−τ

e(η+λ)u

(∫ 0

u

(
h (µ)− eΓµϕ0θ1

)
e−λµdµ

)
du

))
dλ

with γ > sup {Re (λ) < α∗, det (∆ (λ)) = 0}, L (γ) = {λ ∈ C, Re (λ) = γ}. Since A − δ > α∗,8 then∫∞
0

e−(A−δ)uχ(u)du exists.
Equation (37) leads to a linear equation in ϕ0, or equivalently in c0 as c0 = ϕ0 + h0. After some

calculus we may find the value of ϕ0 = ϕ̂0 which make the transversality condition hold

ϕ̂0 =


 k0 +

εH(α∗)
∫ 0
−τ

e(η+α∗)u
(∫ 0

u
h(µ)e−α∗µdµ

)
du

A−δ−α∗

+
∫∞
0

e−(A−δ)v 1
2iπ

∫
L(γ)

eλvε∆(λ)−1 ∫ 0

−τ
e(η+λ)u

∫ 0

u
h (µ) e−λµdµdudλdv





 (1 + θ1) 1

(A−δ−Γ) +
εH(α∗)

(∫ 0
−τ

e(η+α∗)u
(∫ 0

u
eΓµθ1e−α∗µdµ

)
du

)

A−δ−α∗

+
∫∞
0

e−(A−δ)v 1
2iπ

∫
L(γ)

eλvε∆ (λ)−1
(∫ 0

−τ
e(η+λ)u

(∫ 0

u
eΓµθ1e

−λµdµ
)

du
)

dλdv




(38)

Observe that ϕ̂0 depends only on initial conditions and parameters, namely ϕ̂0 = ϕ̂0(k0, h0(t); Ξ) with Ξ
vector of exogenously given parameters. Then the nontrivial interior solution of the problem is:

c(t) = ϕ̂0e
Γt (1 + θ1) + ẑ0e

α∗t + χ (t) (39)

k(t) = ϕ̂0 (1 + θ1)
eΓt

(A− δ − Γ)
+ ẑ0

eα∗t

A− δ − α∗
+

∫ ∞

t

e−(A−δ)(u−t)χ (u) du (40)

where ẑ0 = z0(h0(t), ϕ̂0; Ξ). Then both aggregate consumption and capital grow at the rate α∗, and since

χ (t) is spanned by complex non real root then for t not too large, this term is responsible for damped

oscillations in both the aggregate variables.

Aggregate fluctuations rise because every τ periods the agents completely revise their habits...
Through this procedure the aggregate fluctuation coming from the habit are transmitted by
consumption to all the other aggregate variables of the economy, namely capital, output and
investment. While for the low technology case we have:

Proposition 6 Let’s assume that Γ > 0, then the nontrivial interior solution is so characterized:
8The case A − δ < α∗ has to be excluded because it contradicts in the long run the positive sign of the

consumption-output ratio: limt→∞ c
y

= A−δ−α∗
A

> 0
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i) the growth rate of all the aggregate variables is Γ + α∗ when ε − η > Γ and τ > τ∗, while
Γ otherwise;

ii) the general equilibrium path oscillatory converges over time to the balanced growth path.

Proof. Let’s call κ(t) = k(t)e−(Γ+α∗)t, then from the capital accumulation equation we have:

κ̇(t) = κ(A− δ − Γ− α∗)− c(t)e−(Γ+α∗)t

Taking into account the equation of consumption (35) in Proposition 4 and integrating, we obtain

κ(t) = k0e
(A−δ−Γ−α∗)t −

∫ t

0

[
ϕ0 (1 + θ1) + σ0e

α∗u + χ2 (u) e−Γu
]
e−α∗ue−(A−δ−Γ−α∗)(u−t)du

where σ0 and χ2(t) are defined in Proposition 4. Observe that the condition for an asymptotic positive con-
sumption over output ratio, A−δ−Γ−α∗ > 0, guarantees the existence of limt→∞

∫∞
0

χ2 (u) e−(A−δ)udu

since limt→∞ χ2 (t) e−(Γ+α∗)t = 0. Applying the transversality condition leads to

k0 = ϕ0
(1 + θ2)

A− δ − Γ
+

σ0

A− δ − Γ− α∗
+

∫ ∞

0

χ2(u)e−(A−δ)udu

As previously, the linearity in ϕ0 enables us to write explicitly the unique ϕ̂0 = ϕ̂0(k0, h0(t); Ξ) that
pinned down the unique asymptotic growth rate of the economy, Γ + α∗:

k(t) = ϕ̂0(1 + θ1)
eΓt

A− δ − Γ
+ σ̂0

e(Γ+α∗)t

A− δ − Γ− α∗
+

∫ ∞

t

χ2(u)e−(A−δ)(u−tdu (41)

where σ̂0 = σ̂0(h0(t), ϕ̂0; Ξ). Finally χ2 (t) is spanned by complex non real root of the characteristic

equation −1+ε
∫ 0

−τ
e(λ+η+Γ)udu = 0. So for t not too large, this term is responsible for damped oscillations

in aggregate variable. As this term goes to zero as τ tends to infinity, damped oscillations disapear for

large τ .

4.3 Interior versus corner solutions

Let’s start with the case of low technology. In order to have a nontrivial interior solution for
our problem the two inequality constraints c(t) > h(t) and k(t) > 0 have to be satisfied. From
Proposition 2 and Proposition 5, it emerges that if the initial condition (h̃0(t), k̃0) is such that
ϕ̂0 = ϕ̂0(h̃0(t), k̃0; Ξ) > 0 then the first inequality constraint holds while ẑ0 = ẑ0(h̃0(t), k̃0; Ξ) > 0
avoids (at least for large t) zero or negative level of capital.

On the other hand, initial conditions which implies ϕ̂0 < 0 leads to a corner solution char-
acterized by c(t) = h(t). In this case the Kuhn-Tucker condition implies ϕ̂0 = 0, and then from
Proposition 2, it follows that the solution of consumption has the form c(t) = z0e

α∗t + χ(t) and
then the capital solution is

k(t) = k0e
(A−δ)t −

∫ t

0
e−(A−δ)(u−t)

(
ẑ0e

α∗u + χ (u)
)

du

with z0 = z0(h0(t), 0; Ξ). Then the transversality condition limt→∞ k (t) e−(A−δ)t = 0, is only
solved under the non generic condition:

k0 =
ẑ0

A− δ − α∗
+

∫ ∞

0
e−(A−δ)uχ (u) du (42)
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which implies a general equilibrium path of capital

k (t) = ẑ0
eα∗t

A− δ − α∗
+

∫ ∞

t
e−(A−δ)(u−t)χ (u) du (43)

and an unique balanced growth path of the economy. For all the other choices of (k0, h0(t)) the
economy will be characterized by different asymptotic growth rates of consumption and capital.
In any case, the value of the instantaneous utility function at a corner solution is always zero.

Similar considerations can be done when high technology. Again a ϕ0 negative implies
a corner solution which will be characterized by a common growth rate of all the aggregate
variables only if the following non generic condition is chosen:

k0 =
σ̂0

A− δ − Γ− α∗
+ M

where σ̂0 = σ0(h̃0(t), 0; Ξ) and

M =

∫ ∞

0

1

2iπ

∫

L(γ
′)

eλu

[
−ε∆(λ)−1

(∫ 0

−τ

e(Γ+η+λ)u

(∫ 0

u

h̃ (µ) e−Γµe−λµdµ

)
du

)]
dλe−(A−δ)udu

The general equilibrium path of capital related to this initial condition is

k(t) = σ̂0
1

A− δ − Γ− α∗
e(Γ+α∗)t +

∫ ∞

t
χ2 (u) e−(A−δ)(u−t)du

5 Conclusion

This paper has enlightened the possible results which may emerge in a simple endogenous growth
model once embedded with a more general definition of the habit stock. Different depreciation
profiles may change both the growth rate of the economy and its transitional dynamics. En-
dogenous fluctuation may arise from the demand side of the economy as a result of a full and
periodic depreciation of the habits. Identify the economic reasons behind different depreciation
profiles is left for future research.
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Appendix

Lemma A The algebraic equation (23) can be rewritten as equation (25) once the new variable
z(t), as defined in (26), is introduced.
Proof. Let z (t) = h (t) − eΓtϕ0θ1. According to equation (23), h (t) = ε

∫ t

t−τ
ϕ0e

Γueη(u−t)du +

ε
∫ t

t−τ
h (u) eη(u−t)du, and then we have that

h (t) = ε

∫ t

t−τ

ϕ0e
Γueη(u−t)du + ε

∫ t

t−τ

(
z (u) + eΓuϕ0θ1

)
eη(u−t)du

Choosing θ1 such that εeΓt
∫ t
t−τ ϕ0e

(η+Γ)(u−t)du + εeΓt
∫ t
t−τ ϕ0θ1e

(η+Γ)(u−t)du=eΓtϕ0θ1 leads to the

result.
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